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Introduction

This textbook is the review of the definitions and formulae pertaining to
centroids and moments of inertia of plane areas which represent cross sections of
structural elements and are studied because of their great importance in solving
problems of strength, rigidity and stability of engineering structures.

The topics discussed in the book cover areas of the simplest figures, centroids
and how to locate them, axial moments of inertia, polar moments of inertia, products
of inertia, parallel axis theorems, rotations of axes, and principal axes. The properties
of a few structural steel shapes are also presented in the book. These tables are
compiled from the extensive tables presented in the Manual of Steel Construction,
published by the American Institute of Steel Construction, Inc. (AISC) and in the
USSR State Standards Ne 8239-72, 8240-72, 8509-72, 8510-72.

This book also covers all basic problems of geometrical properties calculations
at the level suitable for junior engineering students. All these parameters are
important for analysis and design of structural members subjected to tension,
compression, torsion, bending, combined loading, deflections of beams, and stability

of columns.



Chapter 1 General Terms and Concepts

Area (of a plane figure)

Mnowapb (nnockon cwury-
pbl)

Mnowa (nnockoi dirypn)

yA A= IdA — area of a plane figure,
- X 4
X, C — centroid,
B X., y. — coordinates of the centroid:
4 ML
Cc A > JC A >
¢ g y Sy = .[di, S, = _[ydA — first moments (of a
Ve 4 4
plane figure).
I | -
0 X

Axial moment of inertia (of
a plane area) (syn. second
moment (of a plane area),
geometric(al) moment (of a

plane

inertia (of a plane area))

Y

Plane area of arbitrary shape

area), moment of

OceBOM MOMEHT MHepuuun
(nnowapn) (cuH.
MOMeHT (nnowaam),
MeTpUYeCKumn
(nnowanun), MOMEHT UHep-
uuun (nnowaau))

0

X

Plane area of an arbitrary shape with cen-

troid C

OcbOBUM MOMEHT iHepuii
(nnowi) (cuH. Aapyrun mo-
MeHT (nnouwi), reomeTpunu-
HUA MOMEHT (nnouwi), Mo-
MEHT iHepuii (nnouwwi))

BTOpOM
reo-
MOMEHT

The moments of inertia of a plane area
(see figure) with respect to the x and y axes, re-
spectively, are defined by the integrals

I, = I ysz ,
(4)
_ 2
1 y = j x“dA,
(4)
in which x and y are the coordinates of the dif-
ferential element of area dA4. Because the ele-
ment dA is multiplied by the square of the dis-
tance from the reference axis, moments of
inertia are also called second moments of area.

Also, moments of inertia of areas (unlike first
moments) are always positive quantities.
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Axial moment of inertia of a OceBOM MOMEHT MHepuuun OcbLOoBUM MOMEHT iHepuii
composite area cCoCTaBHOM nnowaam CKnageHoi nnouyi

The moment of inertia of a composite
area with respect to any particular axis is the
X sum of the moments of inertia of its parts with
) respect to that same axis. An example is the
hollow box section shown in Fig. 1, where the
c x. and y. axes are axes of symmetry through

ek

=Y

the centroid C. The moment of inertia 7,

. with respect to the x,. axis is equal to the al-

y gebraic sum of the moments of inertia of the
outer and inner rectangles (we can consider
h C X, | the inner rectangle as a “negative area” and
41 the outer rectangle as a “positive area”).
, Therefore,

b ;o bh bk

X
Fig. 1 An examples of composite areas < 12 1.2 .
The same formula is applied to the

Ve channel section shown in Fig. 1, where we

Plate 6 in x ! in may consider the cutout as a “negative area”.
G For the hollow box section, we can use
X a similar technique to obtain the moment of
inertia / e with respect to the vertical central

g
=t

>

W18x71
N axis. However, in the case of the channel sec-

tion, the determination of the moment of iner-
C, L Yo tia [/ e requires the use of the parallel-axis

theorem.
Example 1
Y3 Determine the moment of inertia 7,

Q
—
Kol A

C10x30 | with respect to the horizontal axis x,. through

L the centroid C of the beam cross section

G \ *3 shown in Fig. 2. The position of the centroid C

Fig.2 Moment of inertia of a composite Was determined previously and equals to
area y.=1.81n.

Note: From beam theory we know that

axis x, is the neutral axis for bending of this beam, and therefore the moment of inertia 7,

must be determined 1n order to calculate the stresses and deflections of this beam.
We will determine the moment of inertia / X, with respect to axis x,. by applying the

parallel-axis theorem to each individual part of the composite area. The area is divided
naturally into three parts: (1) the cover plate, (2) the wide-flange section (see geometrical
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properties of shapes), and (3) the channel section (see geometrical properties of channel
sections). The following areas and centroidal distances were obtained previously:

4 =3.0in2, 4, =208in>%, 4;=882in?;
¥1=9.485in.,, y, =0, »3=9.884in, y.=1.801in.
The moments of inertia of the three parts with respect to horizontal axes through
their own centroids Cj, C,, and Cj are as follows:

b3 1 ) . \3 . 4
=~—=—(6.0in.)(0.5in.)’ =0.063in.”;
12 12
I, =1170in.*; I3 =3.94in*
Now we can use the parallel-axis theorem to calculate the moments of inertia about
axis x,. for each of the three parts of the composite area:

1;0 =1+ 4 (y; + v, ) =0.063in. +(3.0in.2) (11.28in.)> =382in.*;

1

1" =1y + 42y,* =1170in.* +(20.8in.2)(1.80 in)* =1240 in.*

IJZI = I3+ 43(y3 - . )? =3.94in* +(8.82in.2)(8.084 in.)%> =580 in.*.

The sum of these individual moments of inertia gives the moment of inertia of the
entire cross-sectional area about its centroidal axis x,.:

I, =11 +1"+ 1" =2200in*,

C xC

Axis of symmetry Ocb cummeTpum Bicb cumeTpii
VA
A A
yc \ yC yc
dA dA
| Cib
Iﬁa FJ A =
—
y; >0 \
Y .
x<0\\ //x>0 X

Plane figures with vertical axis of symmetry

The product of inertia equals zero when one axis is an axis of symmetry:
Iy, = IxydA =0.
A
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Center of area (see cen-
troid)

Center of figure (see cen-
troid)

Central axes (see centroidal
axes)

Centroid (syn. center of
area, center of figure)

FeomeTpuyeckun UeHTp FeomMeTpUYHUA UEHTP Nfo-
nnowaamn, LeHTP TsXKeCTU Wi, LLeHTp Baru nnowyi
nnowaau

FeomeTpuyeckun LeHTp FeomeTpnyHUM LeHTP diry-
urypbl, UEHTP TAXKECTU pu, LeHTp Baru dirypm

curypbl

LIeHTpan bHble OCU

FeomeTpunyeckum
nnowaau, LeHTp TsXecTu

LleHTpanbHi oci

UeHTp FeomMeTpUYHUA UEHTP nfo-

Wi, LLeHTP Barv nnouyi

nrowaaun

LleHTpanbHbIe ocu

‘ C
_______ Y

i X,

1y

i Y .
0 X
Plane area of an arbitrary shape with
centroid C
Centroidal (syn. central)
axes
YA Y

v

)

0

Plane area with centroid C and cen-

tral axes Xq, Y¢

For a plane figure, the center of mass of a thin
uniform plate having the same boundaries as the plane
figure.

A= _[dA — area of a plane figure,

A
C —centroid,
X., V. — coordinates of the centroid:
Xe = S_y s Ye = &5
A Y|
Sy = f xd4, S,= f vdA — first moments (of
A A

plane area).

LleHTpanbHi oci

Any pair of axes, which pass through the cen-
troid are called centroidal axes.
The coordinates x,. and y. of the centroid C

are equal to the first moments divided by the area:
A A A A
If the boundaries of the area are defined by
simple mathematical expressions, we can evaluate the
integrals appearing in equation in closed form and
thereby obtain formulas for x. and y,.
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Centroidal axes of right tri- LleHTpanbHble ocu nps- LleHTpanbHi oci NpAMOKyT-

angle MOYroNnbHOro  Tpeyrosb- HOro TPUKYTHHUKA
HUKa
X Y. — centroidal axes of right trian-
L Yeh le:
gle;
T b
d deA
Syl 0
- X xC = =2 =
A A
dA dA = h(x)dx;
h - =3h(x) (b-x) h =
‘ _ > h(x)=—(b-x)
. AN . h b b
h ¢ N AN 2
3 Ao —xwar 5| %5 3| M
Y \ _b 0 = b\ 2 3 __6 _ b
0 5 bh bh bh "3
- b3 b . 2 2 2
- > le
Right triangle with centroid C By analogy y. = a4 = 3
Composite area (cross sec- CoctaBHasa nnowaab (no- CknapeHa nnowa (nonepe-
tion) nepevyHoe ce4yeHue) YHUW nepepis)
YA
)
) Ye
h > |}
Cb1 x, M I
Y
b
h Cr—"" h

Ve

Composite areas with a hole Composite area with a cutout
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C12x30
Composite cross section fabricated from wide- Composite cross section fabricated from wide-
flange beam and two cover plates flange beam and two channels
Cross section NMonepe4yHoe cevyeHune MonepeyHun nepepis
yﬂ " '
. X
- xc
A [ —
Yy .
0 X
Cross section of an arbitrary shape Examples of structural members cross sections
A= [dA —area of a cross section,
A
C — centroid,
. . S, S,
X., Y. — coordinates of the centroid: x, = Vi Ve = 7;
Sy = _[di , Sy = _[ vdA — first moments (of cross section).

A A

Cross section with one axis MonepeyHoe ceuvyeHue cC NMonepeyHnn nepepis 3 oa-

of symmetry (see singly OAHOW OCbI0 CUMMETPUHU Hi€lo Bicclo cumeTpii
symmetric cross section)
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Doubly symmetric cross NMonepeyHoe ce4yeHue cC Monepe4yHun nepepis 3 ABO-

section OBYMSl OCAMU CUMMEeTpPUMU Ma ocsAMU cumeTpiil
Yk
b9 vel
) ) . 9 _
h
2
Yy |k .~ .
C X, ' e | c T
h
. 2
2
Y 1
Ve Vel
[ ]
NI [
C ,ZC C X,

| g | —

Doubly symmetric cross-sectional shapes




12 Chapter 1 GENERAL TERMS AND CONCEPTS

First moment (of a plane
area) (syn. static moment
(of a plane area))

A

MepBbln MOMEHT (nnotia-
Oun), cTaTUYeCKUA MOMEHT
(nnowagm)

Y

y

>

0

Plane area of an arbitrary shape with cen-

troid C

Geometric(al) moment (of a
plane area) (see axial mo-
ment of inertia (of a plane
area))

Moment of inertia (of a
plane area) (see axial mo-
ment of inertia (of a plane
area))

Noncentroidal axes

Vel

FeomeTpnYECKMN MOMEHT
(nnowapam),
MEHT UHepuuu (nnowiagm)

MomeHT uHepuUUumn
wagam)

HeueHTpanbHble ocu

C }

A

2

X

Mepwun MomeHT (nnowi),
CTaTUYHUN MOMEHT (nsoLwi)

The first moments of the area with re-
spect to the x and y axes are defined, respec-
tively, as follows:

Sy = [xdd,
(4)
Sy= [ydd.
(4)

Thus, the first moments represent the
sums of the products of the differential areas
and their coordinates. First moments may be
positive or negative, depending upon the posi-
tion of the x and y axes. Also, first moments
have units of length raised to the third power;

for instance, in.® or m’.

FeomeTpnyHUMN MOMEHT
(nnowi), ocboBMA MOMEHT
iHepuil (nnowwi)

oceBOM MoO-

(nno- MomeHT iHepuii (nnowwi)

HeueHTpanbHi oci

1
1 b

Plane areas with two parallel noncentroidal axes 1-1 and 2-2
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Open cross section OTKpbITOE Nonepe4yHoe ce- Biokputun nonepeyHnMn
YyeHMe, He3aMKHyToe Mno- nepepis, He3aMKHeHUW no-
nepevyHoe cevyeHue nepeyHun nepepis

C—— i

[ ] | I———

Typical beams of thin-walled open cross section (wide-flange beam or I-beam, channel beam, an-
gle section, Z-section, and T-beam)

Parallel-axis theorem for Teopema o napannesibHOM Teopema npo napanesibHe
axial moments of inertia nepeHoce ocen, Teopema nepeHeceHHA oOceMn, Teope-

(syn. Steiner’s theorem) 06 oceBbiIX MOMeEHTax Ma Mnpo OCbOBi MOMEHTU
MHEepUMM  OTHOCUTENbHO iHepuii BigHOCHO oceW, na-
ocel, napannenbHbIX WC- panenbHuX BUXiAHUM
XOAHbIM LeHTpanbHbIM LeHTparbHUM OCAM
ocsAMm

7 el From the definition of moment of iner-

d, tia, we can write the following equation for

- = the moment of inertia /,, with respect to the x
axis:
I, =[(y+dy)*dA=[y*dA+2d, [ ydA+di [dA.

The first integral on the right-hand side
- is the moment of inertia 7, ~with respect to

the x. axis. The second integral is the first
d, moment of the area with respect to the x,. axis

(this integral equals zero because the x,. axis

passes through the centroid). The third inte-

0 %  gral is the area A itself. Therefore, the preced-

Derivation of parallel-axis theorem. x., y. — 1ng equation reduces to

centroidal axes I, =1, + Adlz. (1)
C

Proceeding in the same manner for the moment of inertia with respect to the y axis,
we obtain

I,=1I, +Adj. 2)

Equations (1) and (2) represent the parallel-axis theorem for moments of inertia:
The moment of inertia of an area with respect to any axis in its plane is equal to the mo-
ment of inertia with respect to a parallel centroidal axis plus the product of the area and
the square of the distance between the two axes.
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Parallel-axis theorem for
polar moments of inertia

Yeh

Teopema o0 nonsipHOM Mo-
MEeHTe WHepuuu npu na-
nepeHoce

pannenbHOM
ocen

Teopema npo nonsipHMK
MOMEHT iHepuii npu napa-
nenbHoOMYy nepeHeceHHi
ocen

Polar moments of inertia with respect
to various points in the plane of an area are
related by the parallel-axis theorem for po-

Y

=y

Derivation of parallel-axis theorem

_ 2
Iy—IyC+Ad2.

Adding those two equations, we get

Y,
Io+1y =1 +1, +A(di +d7).

lar moments of inertia. We can derive this
theorem by referring to figure. Let us denote
the polar moments of inertia with respect to
the origin O and the centroid C by (/ »)O and
b ox. (I)c . respectively. Then, using equation
I,=1+1,,
d we can write the following equations:
(Ip)O = ])C + ] ’

Now refer to the parallel-axis theorems
for axial moments of inertia

I, =1, +Adf,

Upc=1Iy +1, . (1)

Substituting from Egs. (1), and also noting that d = d12 + d22 , we obtain

(Ip)O :(Ip)C +Ad2'

)

Equations (1) represents the parallel-axis theorem for polar moments of inertia: the
polar moment of inertia of an area with respect to any point O in its plane is equal to the
polar moment of inertia with respect to the centroid C plus the product of the area and the
square of the distance between points O and C.

Parallel-axis theorem for
products of inertia (syn.
Steiner’s theorem)

Teopema 0 LLeHTPOOEXHbIX
MOMEHTax MHepuun OTHO-
CUTenbHO Napbl oceu, na-
pannenbHbIX UCXOOHbLIM
LeHTpanbHbIM

Teopema npo BigUeHTPOBI
MOMEHTMU iHepLii BigHOCHO
napum ocen, napanenbHUX
BUXiAHUM LleHTPanbHUM

Products of inertia of an area with respect to parallel sets of axes are related by a
parallel-axis theorem that is analogous to the corresponding theorems for axial moments of
inertia and polar moments of inertia. To obtain this theorem, consider the area shown in fig-
ure, which has centroid C and centroidal x., y. axes. The product of inertia /,, with re-

spect to any other set of axes, parallel to the x,., y. axes, 1s
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" Veh Ly = [(x+dp)(y+dy)dA = [ xydA+d, [ xdA +

d, dy [ ydA+dydy [ dA,

in which d; and d, are the coordinates of the

Y

centroid C with respect to the xy axes (thus,
dy and d, may have positive or negative val-
ues). The first integral in the last expression is
> the product of inertia 7, , ~with respect to the

centroidal axes; the second and third integrals
d, equal zero because they are the first moments
of the area with respect to the centroidal axes;
and the last integral is the area A. Therefore,
] the preceding equation reduces to
1 Xy = 1 + Adld 2.

nyC
This equation represents the parallel-
axis theorem for products of inertia: The product of inertia of an area with respect to any
pair of axes in its plane is equal to the product of inertia with respect to parallel centroidal
axes plus the product of the area and the coordinates of the centroid with respect to the
pair of axes.

o
=y

Plane area of an arbitrary shape

Polar moment of inertia (of MonsipHbIM MOMEHT WHep- MonApHMA MOMEHT iHepuii
a plane area) umMm (nnowaam) (nnouwwi)
VA The axial moments of inertia are de-

fined with respect to axes lying in the plane of
the area itself, such as the x and y axes in fig-
ure. Let us consider an axis perpendicular to
the plane of the area and intersecting the plane
at the origin O. The moment of inertia with
respect to this perpendicular axis is called the
polar moment of inertia and is denoted by
the symbol 7,,. The polar moment of inertia

C.

,,,,,,,,, x __-__-./dA

7
|
1
|
I
1
|
I
1
1
1
1
1
1
1
1
1
1
1
1
1

h% with respect to an axis through O perpendicu-
lar to the plane of the figure is defined by the
integral

=)
=Y

2
I, = I podA,
in which p is the distance from point O to the

differential element of area dA4. This integral is similar in form to those for moments of in-
ertia [, and I,,.

Plane area of an arbitrary shape

Because ,02 = x>+ y2 , where x and y are the rectangular coordinates of the element

dA, we obtain the following expression for 7, :
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1,=[p*dA=[(x*+y*)dd=[x*dA+ [ y*dA.
Thus, we obtain the important relationship
I,=1,+1,,
I,, — polar moment of inertia of the area 4 in the (x, y) system of coordinates.

This equation shows that the polar moment of inertia with respect to an axis perpen-
dicular to the plane of the figure at any point O is equal to the sum of the moments of iner-
tia with respect to any two perpendicular axes x and y passing through the same point and
lying in the plane of the figure.

Principal central axes (see MmaBHbIe UeHTpanbHble FonoBHi LeHTpanbHi oci
principal centroidal axes) ocu

Principal central axes for MmaBHbIe UeHTpanbHble FonoBHi UeHTpanbHi  OCi

equal-legs angle OCU CTanu NpoKaTHOW yr- cTani npokKaTHOi KyTOBOI
JIOBOM PaBHOMOMNOYHOMN PiBHOMONNYHOI
Yerp Xe, » Ve, — Principal central axes;
J c;\ h Ixcz B Imax:
. chz =~ ‘min>
C o =45 ; B
xczy02 N
C ycl
\

Equilegs angle cross section

Principal axis (of inertia) naBHas ocb (MHepLMK) FonoBHa Bicb (iHepuii)

It is one of two perpendicular axes in a plane area such that the products of inertia
about these axes vanish.

The transformation equations for moments and products of inertia (Egs. (1), (2) and
(3)) show how the moments and products of inertia vary as the angle of rotation & varies:

I.+1, I,-1
_ y X Y - i
=T + 5 cos20—1,),sin20, (1)
Ly, = %sin 20+1,,,c0820, 2)
I.+1, I.,-1
_ Y X 7Y ;
I, = T 08260+ 1), sin20. 3)

Of special interest are the maximum and minimum values of the moment of inertia.
These values are known as the principal moments of inertia, and the corresponding axes are
known as principal axes.
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To find the values of the angle 6 that make the moment of inertia /,, a maximum or

a minimum, we take the derivative with respect to € of the expression on the right-hand
side of (see Eq. (1)) and set it equal to zero:
(Ix —Iy)sin26’+2]xy cos260=0.

Solving for @ from this equation, we get

21
tan26, = - ©
I,-1,
in which @, denotes the angle defining a principal axis. The same result is obtained if we

take the derivative of /,, { (see Eq. (3)). Therefore we conclude that the product of inertia is

zero for the pair of any principal axes.

VA

4 V (min)

Umax)¥ \ [ JPURE
\‘y 1 X

\ V(min)

Rotation of axes to principal position in an arbi- U, V — principal axes for a right triangle in the
trary point A point K

A
V(min)y o”°
b\A/p\

» P
V(min)k 0, ° 0 T \
' U (max) by Uman
t—\ |=— 2 max
] /ﬁ .
u 1 (| X,
0 P ﬁ
¢ X, 2 - |=t +
Y
T Y t
U, V — principal central axes for angle section with U, V — principal central axes for Z-section

unequal legs
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Principal centroidal axes FnaBHbIe UeHTpanbHble FonoBHiI LeHTpanbHi oci
(syn. principal central axes) ocu

Principal axes of inertia are two perpendicular axes in a plane area such, that the
product of inertia about them vanish, and axial moments of inertia are maximum and mini-
mum.

To find the values of the angle 6 that make the moment of inertia /, a maximum or a
minimum, we take the derivative with respect to @ of the expression on the right-hand side
of Eq. (1)

I, +1, I.-1
Y X 7Y ;
=T + 5 c0s20 - Iy, sin20 (1)

and set it equal to zero:
(7,1, )sin20+21,,, cos20 =0.

Solving for @ from this equation, we get

21
tan26,, = ——>—, )
I,-1,
in which 6, denotes the angle defining a principal axis.
Eq. (2) yields two values of the angle 26,, in the range from 0 to 360°; these values
differ by 180°. The corresponding values of 6, differ by 90° and define the two perpen-

dicular principal axes. One of these axes corresponds to the maximum moment of inertia
and the other corresponds to the minimum moment of inertia.
If the pair of principal axes passes through the centroid these axes are called princi-
pal centroidal axes.
Example 1
Determine the orientations of the principal centroidal axes and the magnitudes of the
principal centroidal moments of inertia for the
V(min), Yeb cross-sectional area of the Z-section shown in
\ Fig. 1. Use the following numerical data: height
0 h =200 mm, width b = 90 mm, and thickness
\ \ =15 mm.
1 \ Let us use the x., y. axes as the reference

axes through the centroid C. The moments and
U(max) product of inertia with respect to these axes can be

/ﬁ obtained by dividing the area into three rectangles

‘ |C Xe and using the parallel-axis theorems. The results

h of such calculations are as follows:

2

e B | I, =29.29-10° mm*, 1, =6.667-10° mm*,
4 C

| >
e =

- b 1 f I, =-9.366-10% mm*.

nyC -
Fig. 1 Principal central axes for a Z- Substituting these values into the equation
section for the angle 6, Eq. (2), we get
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21,
tan26, = ————=0.7930, 26, =38.4°and 218.4°.
-1
X Y
Thus, the two values of 9p are
0, =19.2°and 109.2°.
Using these values of 8, in the transformation equation for / x|

I.+1, I.,-1
— Y X 7Y :
0= + 5 cos20, — I, sin20, (3)

we find 7, = 32.6-10° mm* and 1 X = 2.4-10% mm?, respectively. The same values are

obtained if we substitute into equations:

2 2
I, +1 I, -1 I, +1 I, -1
y X y 2 b y X y 2
5 + ( 5 J +15y Iy =Inin = S ( 5 J +15, . (4)

Thus, the principal moments of inertia and the angles to the corresponding principal
axes are:

Iy =Imax =

6 4 o.
Iy =32.6-10" mm™, le =19.2°;
6 4 o
Iy =24-10" mm", 0,, =109.2°.
The principal axes are shown in Fig. 1 as the U, J axes.

Example 2

Determine the orientations of the principal centroidal axes and the magnitudes of the
principal centroidal moments of inertia for the cross-sectional area shown in Fig. 2. Use the
following numerical data (see table).

oA yc“ V1
- )
[
=
= o, ) X
] TR
xC‘
A
3 X0
S GI Ye x|
( C, s
= e [~
] \// IR
U(min)
hy _ hy

Fig. 2 Principal central axes and principal moments of inertia for a composite area
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Parts of 'Fhe Geometrical properties

CorgrpeoaSlte hi, m b, m A, m’® lx; m’ ly; s m* xiyi » m* Yo, M
1- ] 0,2 0,1 |26,810%| 11510° | 184010 0 -
2- = 0,16 | 0,16 |31,410%| 77410° | 77410° | -45510° | 4,3102

The coordinates of two centroids C; and C, are known from assortments
(x0 =y =4.3-1072 m).
The coordinates of the centroid C are determined beforehand and equals to:
X, =-7.715-10"% m,
y,=3.615-1072 m.

Note: the first element (I-beam) was chosen as original in this calculation.
Let us use the x., y. axes as the reference axes through the centroid C. The mo-

ments and product of inertia with respect to these axes can be obtained using the parallel-

axis theorems. The results of such calculations are as follows.
I, = I)Lj +17, (5)

Xc

I =1+ 41 =115-107°+3.615%-26.8-107° =465.23-10~° m",

X, x

I7 =17 +c34y =774-107° +3.085%-31.4-107° =1072.8-107% m*,
Xe X2

(465.23+1072.8)107% =1538-10° m",
L, =I5+ 13, (6)

I =15 +af 4 =1840-107° +7.715> - 26.8-107° =3435.210~° m’,

1

X

c

[0 =17 +a34y =774-105 +6.585%-31.4-10° =2135.6-10° m*,

Ye Y2
I, =(34352+2135.6)107° =5570.8-10~° m’,
Ly =Ixy, iy (7)
I =1, +ac 4 =0+7.715(-3.615)107* - 26.8:107* =-747.4-10~° m",

I =I" +acrA.
XeVe X2)2 20242

The value of I;zyz is determined beforehand and equals to —455- 1078 m*.

Consequently
[T =-455.10"% + (- 6.585)3.085-31.4-10° =-1092.9-107° m*,

c/c
After substitutions the result is
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= {— 1804.3-0.7384 +

1g20,, =

I, =(-7474-1092.9)107° =-1840.3-10~° m"
Substituting these values into the equation for the angle 6,,, we get
2.y, -2-1840.3

- =-0.9127 =20, =—42°24'= 0, = -21°12..
I, -1, 5570.8-1538

The principal moments of inertia are

2
I, +1 I, -1
[ =] = Y Yey \/{%} +12  =(3554.4+22932)10"° m",

U max B Ve
v min

Iy =y =5847.6:10°8 m*, I =1, =1261.2-107° m*.
Checking the results:
a) Imax > 1y, > 1y, > Inins
5847.6-107° > 5570.8-107° >1538-107% >1261.2-107%;
b) ]max"']min:]xc"']ycs

5847.6-107° +1261.2-1078 =5570.8-107° +1538-1073,
(7108.8-1078 =7108.8-1078 );

Ly =1z,
c) Iyy =1y, cos20, +Tsm2¢9p =

153835708 0.6743)}10_8 =(~1358.9+1359)-10 8 m* = 0.

Principal moments of iner- FnaBHble MOMEHTbI UHep- FonoBHi MOMeHTH iHepuii (Y
tia (at a point) uun (B TOuKe) TOuLi)
V(min), e} The transformation equations for mo-
\ ments and products of inertia (Egs. (1), (2) and
<0 (3)) show how the moments and products of
Y \ inertia vary as the angle of rotation @ varies:
e — Lo+1, I,-I, .
o Iy = 5 + 5 cos20 -1y, sin26, (1)
2 U (max)
0 Iy~ Iy .
! C/ﬁ : Ly, = 5 sin26 + 1, c0s260,  (2)
h I.+1, I.,-1
P N ) B | I, == . Y _ 2 : Y c0s20+1,,5in26. (3)
\ ; ’ The maximum and minimum values of
b the moment of inertia are known as the prin-

Principal axes and principal moments of inertia cipal moments of inertia, and the corre-

for a Z-

section at a point C (centroid) sponding axes are known as principal axes.
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The algebraically larger of the two principal moments of inertia, denoted by the
symbol /;;, may be obtained from the equation

2
I, +1 I,-1
By = y+[x y] e @)

2 2 v
The smaller principal moment of inertia, denoted as /;-, may be obtained from the

equation
IU +IV ZIX-I-Iy.

Substituting the expression for /;; into this equation and solving for /j- , we get

I, +1 I,—-1 )
Iy = r_ L 5)
V 2 \/( ) j xy (
Egs. (4) and (5) provide a convenient way to calculate the principal moments of iner-
tia.
Principal point Touka-Ha4yano rnaBHbIX Touyka-no4yaToKk ros&IOBHUX

ocen nHepuum ocem iHepuii

Let’s consider a pair of principal axes with origin at a given point O. If there exist
different pairs of principal axes through the same point, then every pair of axes through that
point is a set of principal axes. Furthermore, the moment of inertia must be constant as the
angle 6 is varied. These conclusions follow from the nature of the transformation equation
for 7, :

I, +1, I,-1
— Y X 7Y :
=T + 5 c0s20 -1, sin20.

Because this equation contains trigonometric functions of the angle 26, there is one
maximum value and one minimum value of / x as20 varies through a range of 360° (or as

@ varies through a range of 180°). If a second maximum exists, then the only possibility is
that 7, ~remains constant, which means that

A . : .
Y every pair of axes is a set of principal axes and

. all moments of inertia are the same. A point
Y * located so that every axis through the point is a
7\ principal axis, and hence the moments of iner-
tia are the same for all axes through the point,
b is called a principal point.

An 1llustration of this situation is the
¥ _ rectangle of width 2b and height 5 shown in
0 X  Fig. 1. The x, y axes, with origin at point O, are
«— b b, principal axes of the rectangle because the y
Fig. 1 Rectangle for which every axis (in axis is an axis of symmetry. The x',y" axes,

the plane of the area) through point O is a with the same origin, are glso principal axes
principal axis because the product of inertia / Xy’ equals zero
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; Vel (because the triangles are symmetrically lo-
Y /C' cated with respect to the x" and )’ axes). It fol-
lows that every pair of axes through O is a set

of principal axes and every moment of inertia is

C X the same (and equal to 264 /3 ). Therefore,
point O is a principal point for the rectangle. (A
second principal point is located where the y
axis intersects the upper side of the rectangle.)
Two examples, a square and an equilat-
eral triangle, are shown in Fig. 2. In each case
the x, y axes are principal centroidal axes be-
cause their origin is at the centroid C and at
least one of the two axes is an axis of symme-
try. In addition, a second pair of centroidal axes

Fig. 2 Examples of areas for which every (the X, y" axes) has at least one axis of symme-
centroidal axis is a principal axis and the try. It follows that both the x, y and x', )" axes
;ﬁné:qoﬁact:eIrzlatr?:r?ggzllg)al point (a square and o principal axes. Therefo're,_ every axis

through the centroid C is a principal axis, and
every such axis has the same moment of inertia.

If an area has three different axes of symmetry, even if two of them are perpendicu-
lar, the conditions described in the preceding paragraph are automatically fulfilled. There-
fore, if an area has three or more axes of symmetry, the centroid is a principal point and
every axis through the centroid is a principal axis and has the same moment of inertia.
These conditions are fulfilled for a circle, for all regular polygons (equilateral triangle,
square, regular pentagon, regular hexagon, and so on), and for many other symmetric
shapes.

Product of inertia LleHTpOo6€eXHbIN MOMEHT BioueHTpoBUM MOMEHT
MHepLuumn iHepuil

The product of inertia of a plane area is de-
fined with respect to a set of perpendicular axes
lying in the plane of the area. Thus, referring to the
area shown in figure, we define the product of
inertia with respect to the x and y axes as follows:

Iy, = _[xydA.

From this definition we see that each differ-
ential element of area dA4 is multiplied by the
product of its coordinates. As a consequence,
products of inertia may be positive, negative, or
zero, depending upon the position of the x, y axes
with respect to the area. If the area lies entirely in
the first quadrant of the axes as in figure, then the
product of inertia is positive because every ele-
ment d4 has positive coordinates x and y. If the

=Y

Plane area of an arbitrary shape
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area lies entirely in the second quadrant, the product of inertia is negative because every
element has a positive y coordinate and a negative x coordinate. Similarly, areas entirely
within the third and fourth quadrants have positive and negative products of inertia, respec-
tively. When the area is located in more than one quadrant, the sign of the product of inertia
depends upon the distribution of the area within the quadrants.

Note: The product of inertia of an area is zero with respect to any pair of axes in
which at least one axis is an axis of symmetry of the area.

Radius of gyration Papuyc nHepuumn Papiyc iHepuii

y Radius of gyration of a plane area is de-
fined as the square root of the moment of inertia of
the area divided by the area itself:

]":I—xr:I_y
X A:y Aa

in which 7, and r, denote the radii of gyration

: with respect to the x and y axes, respectively.
Since moment of inertia has units of length to the
: fourth power and area has units of length to the
Y second power, radius of gyration has units of
length.

i For example, the radius of gyration for the
circular area is

Plane area of an arbitrary shape 2
C wd* /64 d
VN e 4

Sandwich cross section CocTtaBHOEe MHOrocriomHoe CknapeHun  bGaratowapo-
nonepevyHoe ceyeHune BUM nonepeYvyHnn nepepis

=Y

Ve

oN v

2

A ' S,
- b . Tt c

Cross section of a sandwich beam having Sandwich beams with: (a) plastic core, (b) honey-
two axes of symmetry (doubly symmetric comb core, and (c) corrugated core
cross section), 1 — faces, 2 — core
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Second moment (of a plane Btopon MomMeHT (nnowa- Opyruin MmomeHT (nnokwwui)
area) (see axial moment of awv)
inertia (of a plane area))

Section(al) modulus (of the MomMeHT conpoTuBNEHUA MomeHT onopy (nonepeu-
cross section) (nonepevyHOro ce4yeHus) HOro nepepisy)

Section(al) modulus is a property of a cross sectional shape, which depends on
shape, and orientation. Section modulus is usually denoted W, and W =1/C, where [ is the
moment of inertia about an axis through the centroid , and C is the distance from the cen-
troid to the extreme edge of the section.

The maximum tensile and compressive bending stresses acting at any given cross
section occur at points located farthest from the neutral axis. Let us denote by C; and C,

the distances from the neutral axis to the extreme elements in the positive and negative y
directions, respectively (Fig. 1). Then the corresponding maximum normal stresses o

and o, (from the flexure formula) are

MC M MCy, M
1 /4] 1 /%)
1 1
Wy=—, Wy=—.
G C
VA VA
Compressive stresses Tensiée stresses
) /1
1 - 1 ./ Negative bending
C - Positive bending L G moment

moment 4

[ 7+M N v 7 N\

_ A 0 ic
0) 0 3 j T © x ‘{M

Y -«
G

G
Tensile stresses
a b
Fig. 1 Relationships between signs of bending moments and directions of normal stresses: (a)
positive bending moment, and (b) negative bending moment

Compressive stresses

The quantities ] and W, are known as the section moduli of the cross-sectional
area. Each section modulus has dimensions of length to the third power (for example, m’).
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y max

Fig. 2 T-beam cross section with
the distance Yy from the ex-
tremely loaded layer to the neutral
axis Xc

Note that the distances Cj, and C, to the top and bot-
tom of the beam are always taken as positive quanti-
ties.

Note: in Ukraine the section modulus is deter-
mined by the formula

1
w,=—=>,

Ymax
where yax 15 the distance from the extremely loaded

layer of the beam to the neutral axis (Fig. 2).

Section(al) modulus of tor- MonsipHbIN MOMEHT co- MonsapHUn MOMEHT onopy
sion NPOTUBNEHUsA

Section(al) modulus of torsion is a
property of a circular cross sectional shape,
which depends on dimension of a circle. Sec-
tional modulus of torsion is usually denoted
Wp , and

p Pmax T 16

where 1, = _[ psz — polar moment of inertia,
A

and » — is the distance from the centroid to the

extreme points of section (radius) (see figure).

This term 1s used to determine the

maximum shear stresses in torsion of a solid

Circular cross section in torsion produced by  circular shaft from the torsion formula

torque moment T

Tr T

p Wp

Tmax =
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Sign conventions for a MpaBuno 3HakoB ana [lpaBuno 3HakiB Ansa BigueH-
product of inertia LEeHTPOOGEeXHOro MOMEHTa TpPOBOro MOMEHTY iHepuii
MHepLuUKn

ANE @) e

\xi C J X, LC X

C )

Veh Yeh Ve Ve
- I
RIS

C

[ =
S *®

Orientation of a right triangle and equilegs angle relative to the system of central axes X., Y.

/
\i

o

Q
Y

C

\

o

0

Singly symmetric cross MonepeyHoe ceyeHue NMonepeyHnn nepepis 3 oa-
section (syn. cross section C OOHOW OCbKH CUMMET- Hi€lo Bicclo cumeTpii
with one axis of symmetry) pun

Ve
b

C X,

]

: >

ZC
e
— F
Cantilever beam with singly symmetric cross Channel singly symmetric cross section

section: (a) beam with load, and (b) cross sec-
tion of beam showing centroid C and shear cen-
ter S
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Static moment (of a plane
area) (see first moment (of
a plane area))

Steiner's theorem (see par-
allel-axis theorem for axial
moments of inertia, parallel
axis theorem for polar mo-
ment of inertia, parallel axis
theorem for product of iner-
tia)

Transformation equations
for axial moments and
products of inertia

Cratnyeckumn
(nnowagm)

MOMEHT

CreinHepa Teopema

YpaBHeHusi gns npeobpa-
30BaHUs OCeBbIX U LeH-
TpobexHoro MOMEHTOB
MHepuuM npu noBopoTe
ocen

CTaTU4YHMA MOMEHT (nnoLui)

CtenHepa Teopema

PiBHSIHHA ANA NnepeTBOPEHHSA
OCbOBUX | BiAUEeHTPOBOro
MOMEHTIB iHepuii npM noBo-
poTi ocen

In consideration of the anticlockwised and

VA
0! chosen as positive rotation of the pair of axes x, y:
0 the next formulas are used to determine the moments
. dA4 and product of inertia:
———————— 2 2 2 N
5k Iy=[y"dd, I,=[x"dA, I, =[xydd; (1)
/4 X1 0 \yl X1 — 1
P Y x| =xcosfd+ ysinf,
y: | . (2)
: 0 Y| =ycos@—xsind,
0 : > Iy, :Ixcos20+Iysin2(9—21xysinl900$¢9, 3)
I,+1, [.,-1
P A ycos2¢9—1xysin20, 4)
Rotation of axes ! 2
Iy, =———sin260+1,,cos26, (5)
I,+1, I1.-1 :
W= x2 r_ x2 yc0s26?+1xys1n249. (6)

Egs. (4) and (5) give the axial moment of inertia / x| and the product of inertia /7,

N

with respect to the rotated axes in terms of the moments and product of inertia for the origi-
nal axes. These equations are called the transformation equations for axial moments and

products of inertia.
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Angle section with equal
legs (syn. L shape, equal-leg
angle section)

Cranb npokaTHas yrnoBas
paBHoOMNono4yHas (CuH. paB-
HoGOKoe yronkosoe ceve-
Hue)

Ctanb npokaTHa KyToBa piB-
Hononu4yHa (CuH. piBHOOO-
KU KYTUKOBWUM Nepepis)

Angle section with unequal
legs

Ctanb npokaTHas yrnoBas
HepaBHOMNONO4YHasA (CUH. He-
paBHOOOKOe yromnkosoe ce-
YyeHue, Yrosiok HepaBHOOO-
KUN)

Ctanb npokaTHa KyTMKOBa
HepiBHONONUYHA (CUH. Hepi-

BHOOOKUMA KYTUMKOBUM nepe-
pi3, KYyTUK HePiBHOOOKMI)

Bulb angle
Bynb60BbI yronok

Bynb60BUIA KyTUK

A steel angle iron
enlarged to a bulbous thick-
ening at one end.

C shape (see channel sec-
tion)

Vel
™\

C Xe

> )

ycﬂ

C X,

) N

yet

C X,
Cranb ropayekataHaa. Crtanb rapsdekaTtaHa. LlBe-
WBennepbl (cMH. wBen- nepu (CUH. WBENepHUN ne-
NepHoe ceuveHue, LWBesN- pepis, wBenep)

nep)
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A
. Ve
Channel section (syn. C c
shape) il
Cranb ropsiueKkaraHas.
LWWBennepb! (CuH. wBennep-
HOe ceuyeHue, LWIBennep) _
C X,

Crtanb rapsavekaraHa. LlBe-
nepu (CuH. wWBenepHUM ne-
pepi3, wBenep)

Circle

Kpyr

Kpyr

. . A
Circle with core removed Ve

Kpyr ¢ ueHTpanbHbIM OT-
BepcTvem |

Kpyr 3 ueHTpanbHUM OTBO-
pom b

a =angle in radians, Y

(a<7/2), ¢ box

a
a =arccos>, b=+ré—a? : b
r

A= 2r2(a _a_bj — area.

2

r 2a
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Circular sector A
C
KpyroBo#u cektop \
Kpyrosuin cektop C Xe
a =angle in radians, G/,
(a<7/2),
A=ar? — area. 0Ny X
Circular segment ya
KpyroBown cermeHT
Kpyroeum cermeHT / -\
Origin of axes at center of
C|r(_:le, _ o o
a =angle in radians, -
(a<7/2),
A=r?(a-sinacosa) - 0\< ;
area.
Ellipse y A
dnnunc )
Eninc \ b
Origin of axes at centroid, Y
A=rab, C 1
a — magor axis, b
b — minor axis;
Circumference = \
~ z[l.S(a+b)—\/abka/3 <b<a)x
> a >
~4.17b%/a+4a(0<b<a/3).
Equal-leg angle section (see Ctanb npokaTHas, yrno- Crtanb npokaTtHa, KyToOBa,

angle section with equal Bas, paBHonono4Has

legs)

piBHOMONNYHa
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Equilateral triangle

PaBHOCTOPOHHUIA Tpeyrosb-
HUK

PiBHOCTOPOHHIN TPUKYTHUK
a —side,

A:%azﬁ — area.

Flange

Mosc, nonka (6anku aByTaB-
poBOro mnonepeyHoro ceue-
HuUs)

Mosic, nonuuAa (6anku ABoO-
TaBpPOBOro nonepevyHoro ne-

pepi3y)

Hollow box (see thin-walled
tube of rectangular cross
section)

Hollow circular cross sec-
tion (syn. hollow circular
tube)

Tpyb4yaTtoe nonepe4yHoe ce-
YyeHue

TpybuacTtumn nonepeyvyHumn

nepepis

A= ﬂ(rzz - rlz),
r; — inner radius,
r, — outer radius,
t =r) —n —thickness.

Hollow circular tube (see
hollow circular cross sec-
tion)

Ve
a a
C \xf

a X

VA Flange

1:—',:/

/— Web

C xj

Flange

Kopo6uaToe

MOYrosfibHoOro ce4eHus

Monas kpyroBasa Tpyba,
Tpy6uyaToe nonepe4Hoe
ceyeHue

ceyeHwue,
TOHKOCTeHHas Tpy6Ga nps-

Ye

Kopo6uacTtun nepepis, TOH-
KOCTiHHa Tpyb6a npPAMOKYT-
HOro nepepisy

Tpy64yacTumn

MopoxHucTa Kpyrosa TpyoOa,
nonepeyYyHnn
nepepis
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Hollow square cross section
(doubly symmetric)

Monoe kKBagpaTHoOe none-
pevHoe ceyeHue

MycToTinunn kBagpaTHMK no-
nepeyHuin nepepis

A=h2—c? - area,
C — centroid.

I-beam section
(syn. S-shape) (AISC)

[ByTaBpoBOoe nonepe4yHoe
ceyeHune (npokat) (Amepwu-
KaHCKUMA MHCTUTYT CTalbHbIX
KOHCTPYKLUI)

[OBoTaBpOoBMM nonepeyHUin
nepepiz (npokatr) (Amepwu-
KaHCbKUW iIHCTUTYT CTanbHUX
KOHCTPYKLiN)

Isosceles right triangle

PaBHOGeApeHHbIN  npsiMoO-
YrosibHbIN TPeYronbHUK

PiBHOGeapeHun npsAMOKyT-
HUN TPUKYTHUK

2

A= b— —area,
4

C - centroid.

Isosceles trapezoid
PaBHOGOKas Tpaneuus

PiBHOGOKa Tpaneuis

A= h(t).l.+b2)
2

— area,

C - centroid,
h — height.

Vet
A
b >
C X
- & >
Y
Vet
T
C X,
) —
]
A 4
b
b3
2 -~
b\ / C \ X,
v 6y B
b b
2 | 2 X
A
Yel b/2
A
C| X, h
Y .
X
by /2
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Isosceles triangle vt

PaBHOGeapeHHbIN
TpeyronbHUK

PiBHOGeapeHUN TPUKYTHUK

A=Dbh/2 —area,
h — height, L -
b — width. b2 | b2

L shape (see angle section Ctanb npokaTHasa yrnosaa CTtanb npokaTtHa KyToBa piB-
with equal legs) paBHOMONOYHas HOMOJMINYHa

Major axis of ellipse

Bbonblwaa ocb annunca 6 .
X

Benuka Bicb eninca

Minor axis of ellipse

a
¥y
]
b
Manas ocb annunca \
C
Mana Bicb eninca ‘

Parabolic semisegment yh

Vertex
Mapabonuyeckun nonycer-
MEHT, norfycermMeHT napa6o-
nbl

/y_f(x)
Mapa6oniyHnn niBCermMeHT,

niBcerMeHT napabonu

«2
y=f(x)=h 1-—1
b

A2 ea 0 b o
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Parabolic spandrel

Mnowanb, orpaHUYeHHas na-
pabonown, noacBogHoe Mpo-
CTpaHcTBO napabonbl, “napa-
6onnyecknn TpeyronbHUK”

Mnowa, obmexeHa napabo-
noto, niackneniHHUMA NPOCTip

napabonn “napabonivyHun
TPUKYTHUK”
2
hx
y=f(x)=—"r,
b
bh
A=— —area.
3

Quarter circle
YeTBepTb Kpyra
YsepTb Kpyra

2
ar
A="— —area.
4

Quarter-circular spandrel
Mnowapsb, orpaHuyeHHas

YeTBepTbIO Kpyra, noacsopn-
Hoe NMPOCTPAHCTBO YeTBEPTU

Kpyra

Mnowa, obmexeHa 4BepTHO
Kpyra, niagckneniHHUM npoc-
Tip uBepTi Kpyra

A= (1—5}2 — area.
4

Rectangle
MpaMoyronbHUK

MpAMOKYTHUK

A =bh —area.

y

:

A
y=Ax)
h
Vertex
\
- b >
ylk
0 - ;3
VA
7
0
y A
A
h
Y -
0 b X
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Regular hexagon

PaBHOCTOPOHHMN wecTu-

YronbHUK

PiBHOCTOpPOHHIN
HUK

LIeCTUKYT-

b — side,
C - centroid,
3\/_ b2

A= — area.

hollow
regular

Regular hexagon
cross section (syn.
hexagon tube)

PaBHOCTOpOHHEEe wecTu-
yronbHoe Tpyb64yaTtoe none-
peyHoe cevyeHue

PiBHOCTOPOHHIA LIECTUKYT-
HUM Tpyb4yacTMn nonepeu-
HUN nepepis

t — thickness,
A =6bt — area.

Regular hexagon tube (see
regular hexagon hollow
cross section)

Regular polygon with n sides

PaBHOCTOPOHHUM MHOro-
YroflbHUK C N CTOPOHaMu

PiBHOCTOpPOHHIN GaraToKyT-
HUK 3 N CTOPOHaMM

n — number of sides (n>3),
b — length of a side,
S — central angle for a side,
— interior angle (or vertex
angle).

360°

ﬁ_

PaBHOCTOpOHHEEe

vel
C Xe
13 b -
y A
— ~\
\
\
\
\
C b/ e
/
/
/,
S v
- b |
wectn- PiBHOCTOPOHHIN

yronbHoe Tpyb64yaTtoe no-

nepe4yHoe ce4yeHue

LIeCTUKYT-

HUK TpyOYacTMn nepepis

a_(” 2)180 o+ f=180°.

n

R, = radius of circumscrlbed circle (line CA), R, = radius of inscribed circle (line CB).

Ry = Ecsc

P
2 2

R =Ecot£

2 2

2
A=b
4

g

——cot~— —area.
2
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Right triangle

MpaAmoyronbHbLIN Tpeyrosb-
HUK

MpsAMOKYTHUIA TPUKYTHUK

A=Dbh/2 — area.
Semicircle
Monykpyr
Miskpyr
r —radius,
2

A="T" _area
2

Semisegment of nth degree
MonycerMeHT n-1 cTeneHu
MiBcermeHT N-ro creneHs

y= f(x):h[l—ﬁ}(n >0);

bn

A= bh(ij — area.
n+1

Sine wave
(Mony)BonHa cuHycouabl
(NiB)xBUNA cuHycoiau

A:4—bh — area.

T

VA
)
h
Y .
0 |< b X
Ye
r
x=
Ji
y=flx)
)
h
Y .
0 5
" b
A
]
h
Y 0 .
- b N b
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Spandrel of nth degree

Mnowapab, orpaHn4YeHHasn
napabonowu n-n cTteneHun

Mnowa, obmexeHa napabo-
NoK N-ro cTeneHs

hx"
y= f(X)=b—n’ (n>0);
A=—h — area.
n+1

Square chimney

KBan,paT C KpyroebiM Bblpe-
30M

Keagpatr 3 kpyroBum Bupi-
30M

2
A=h? _m% — area.

Square cross section,
square

KeagpaTtHoe nonepevyHoe
ceyeHue, KBagpar

KeagpatHumn nonepeYvyHumn
nepepis, kBagpar

A= a2 — area.

Square tubular cross section

KeappaTtHoe Tpybuartoe no-
nepevyHoe cevyeHue

KeBagpatHumn Tpybuactum
nonepeYyHun nepepis

b — width,
t — thickness,
A =4bt —area.

Vi

y=f(x) \

b '
ycn
b
C
- d >
<= a -
(T )
| = |
| |
| je— |
1 I
| |
| |
1 I
| |
| I
| |
| |
r )
- b >

=y
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S-shape (see I-beam section) [ByTaBpoBOoe nonepevyHoe [BOTaBPOBUA NonepeyHUn
ceyeHue (Npokar) nepepis (npokar)

T-beam

TaBpoBoe ce4yeHue, TaBp
TaBpoBuM nepepis, TaBp

t; — thickness of a web,
t, —thickness of a flange,

h — hight of a web,
b — width of a flange.

<

Thin circular arc
ToHKas gyra Kpyra

ToHKa ayra Kpyra

F=angle in radians, 4
. B =
(ﬂ < 7[/2), /\Et

A=2prt —area. ~ L

=y

yc‘ d:27"

Thin circular ring
ToHKoe KpyroBoe KonbL,o

ToHKe KpyroBe Kinbue

A=27rt = ndt,
d=2r, (t<<r).

Thin rectangle /
ToOHKMI NPAMOYronbHUK

TOHKMI NPAMOKYTHUK 6

A=Dbt — area,
b — length, X
t — thickness.
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Thin-walled rectangular tube
(see thin-walled tube of rec-
tangular cross section)

Thin-walled tube of elliptical
cross section

TOHKOCTeHHas pr6a annun-
TU4YeCKOro nonepe4vyHoro ce-
YyeHunsa

ToHkocTiHHa Tpyb6a eninTuy-
HOro nonepeyvyHoro nepepisy

a — magor axis of ellipse,
b — minor axis of ellipse,
t — thickness (t<<a,b).

Thin-walled tube of rectan-
gular cross section (syn.
hollow box, rectangular
tube, thin-walled rectangular
tube)

ToHKOCTeHHasa Tpyba nps-
MOYrONIbHOro ce4YeHusi

ToHKOCTiHHa Tpyba npamo-
KYTHOIo nepepisy

t — thickness (t=const),
t; — thickness of a web,

t, — thickness of a flange,

h — height,
b — width.
Trapezoid
Tpaneuus
Tpaneuis
A= M — area.

MpsamMoyronbHas Tpyba
(Tpy6ba npsimoyronbHoOro
ceyeHun)

2b

— e e e )

J

e e e e e e e == = = =

MpaAaMokyTHa Tpyba (Tpyba
NPAMOKYTHOIro nepepisy)

|
|
|
|
|
|
|
h |
|
|
|
|
|
|
g l J <— |
N e Y |
|
|
sz ST :
- b < b =
VA
A
h
Y 0 .
b x
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A
Triangle ”
}
TpeyronbHukK
TpPUKYTHUK h
bh
A= > area. Y
0|, b -

Tube with variable wall thick-
ness

Tpyba ¢ nepemeHHOM TOn-

LLMHOM CTEHKM 0
Tpyba 3i 3MiHHON TOBLYU- fc
HOKO CTIHKMN
t=t(6).
Unsymmetric I-beam y A
HecummeTpuyHbIn  (pa3Ho- l B b, .
NosioYHbIN) AByTaBp B ~
. . Y4 !
HecumeTpnyHun  (pisHono- T
NUYHUN) ABOTaBp p ;
1 =
C — centroid, C P
t — thickness of a web, 4 ¢
by — width of upper flange,
b, — width of lower flange, l J\
t; — thickness of flanges, p !
h - height. T - : -

W shape (see wide-flange [ByTtaBpoBOe wWupokono- [lBOTaBPOBMA LUMPOKONONMU-
cross section) NoYyHoe nonepevyHoe ce- YHUW NonepeyvyHUn nepepis
YeHue



42 Chapter 2 SIMPLE CROSS SECTIONS

Web

CTteHKa (TOHKOCTEHHOro no-
nepeyHoOro ceyeHus, Hanp.,
AByTaBpa)

CrtiHKa (TOHKOCTIHHOro nmno-
nepeyHoro nepepisy, Hanp.,
OBoOTaBpa)

Wide-flange cross section
(syn. W shape)

[ByTaBpoBoe LUMpOKomno-
NOYHOEe nornepevyHoe ceve-
HUe (MOCTOSIHHOM TOMLWMUHbBI
NonokK)

OBoTaBpOBUN LLUMPOKONOSN-
YHUMA nonepevyHUn nepepis
(nocTinHOI  TOBWMHKM  nO-
nuub)

tW =tf or tW itf .

Vel Flange
|:—',:|/

/Web
C x;
Flange
PR
-@
l | A
Ol h
2




Chapter 3 Centroids of Plane Areas

Centroid of a circular sector LeHTp “TAXecTW” Kpyro-
BOro CeKTopa, reometpu-
YEeCKMW LEeHTP KpYyroBoro

cekTopa

Y

=Y

o
=y

Centroid of a circular sector

Centroid of a circular seg-
ment

LeHTp “TAXecTU” Kpyro-
BOro cermMeHTa, reomeTpu-
YECKUMN LIeHTP KpYyroBoro
cerMeHTa

\

Ve

Ye

0N\ x‘

Centroid of a circular segment

_2r sin” «

LleHtp “Barn” Kpyrosoro
ceKTopa, reoMeTpuU4HUM
LLeHTP KPYroBoro cekropa

Origin of axes at center of circle:
a=angle in radians (« < 7/2),

A= arz ,
Xc =rsina,
_2rsina
RV
LeHTp “Barn” KpyroBoro
cerMeHTa, reoMeTpPpUYHUM

LleHTP KPYroBoro cerMeHTa

Origin of axes at center of circle:
a=angle in radians (« < 7/2),

A=r%(a-sinacosa),

3

a—SinaCcosa



44 Chapter 3 CENTROID OF PLANE AREAS

Centroid of a composite LeHTp “TAXECTW’ cocTaB- LeHTtp “Barn” cknageHoro
area HOro ce4yeHusi, reomeTpu- nepepisy, reoMeTpu4Humn
YEeCKMWA LEeHTP COCTaBHOro LUeHTp CcKnageHoro nepepi-
ceyeHus 3y
Y The areas and first moments of com-
A oo posite areas may be calculated by summing
I A the corresponding properties of the compo-
N N L TR nent parts. Let us assume that a composite
y Yo |l area is divided into a total of n parts, and let
e C r us denote the area of the ith part as A.
1C R Then we can obtain the area and first mo-
oYl | A} ments by the following summations:
L G Ve n
Y . D A A= z A, (1)
X
e b ¥ 0 X[, i=1

a b L L
: . - szzyciAi’ Sy:ZXCiAi; )

Centroid of a composite area consisting of two i—1 i1

parts

in which x.. and y.. are the coordinates of
the centroid of the ith part. The coordinates of the centroid of the composite area are

n n
ZXCiAi yCiAi
L A ®3)
Ao3a Aosa
i=1 i=1

Since the composite area is represented exactly by the n parts, the preceding equa-
tions give exact results for the coordinates of the centroid. To illustrate the use of Eq. (3),
consider the L -shaped area (or angle section) shown in figure a. This area has side dimen-
sions b and c and thickness t. The area can be divided into two rectangles of areas A and

Ay with centroids C; and C,, respectively (figure b). The areas and centroidal coordinates
of these two parts are

A =Dt Xo, =

A2:(C_t)t’ XC2: ’ yC2 =5

Therefore, the area and first moments of the composite area (from Egs. (1) and (2)) are
A=A +A =tlb+c-t),

t
Sx = Yo ALt Ve, A2 =E(b2 +Ct—t2),

t 2 2
Sy:Xc1A1+Xc2A2:E(bt+C —t )
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Finally, we can obtain the coordinates x; and y. of the centroid C of the composite
area (Fig. 1, b) from Eqg. (3):

Sy bt+c?—t? Sy b?+ct—t?
Xe=—v="r———~ Y= AT o (4)
A 2(b+c-t) A 2b+c-t)

Note 1: When a composite area is divided into only two parts, the centroid C of the
entire area lies on the line joining the centroids C, and C, of the two parts (as shown in Fig.
1b for the L-shaped area).

Note 2: When using the formulas for composite areas (Egs. (1), (2) and (3)), we can
handle the absence of an area by subtraction. This procedure is useful when there are cut-
outs or holes in the figure.

Centroid of a isosceles tri- LeHTp “TAXecTW” paBHoO- LeHTp “Barn” piBHOGeppe-
angle 6eApeHHOro TpPeyronbHU- HOro TPUKYTHUKa, reomeT-
Ka, reOMeTPUYeCKUN LIeHTP PUYHMA UeHTp piBHOGen-
paBHOGeapeHHOro Tpe- peHOro TPUKyTHUKa
yronbHuKa
I A Origin of axes at centroid:

><V

0 b

Centroid of a isosceles triangle

Centroid of a parabolic LeHTp “TAxecTn” napabo- LUeHtp “Barn” napaboniy-

semisegment NIM4eCKOro mnoslycermeHTa, HOro niBcerMeHTa, reomert-
reomMeTpu4ecKum LLeHTp PUYHMA UEeHTp napaboniy-
napabonuyeckoro nony- HOro niBcerMeHTa
cermMeHTa

A parabolic semisegment OAB is bounded by the x axis, the y axis, and a parabolic
curve having its vertex at A (figure a). The equation of the curve is

2
y=f(x)= h{l—;—zj, (1)

in which b is the base and h is the height of the semisegment. Locate the centroid C of the
semisegment.
To determine the coordinates X, and y. of the centroid C (figure a), we will use

equations:
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S S
y X
Xo = —=, ==,
¢ A Ye A
We begin by selecting an element of area dA in the form of a thin vertical strip of

width dx and height y. The area of this differential element is

x2
dA=ydx=h 1——2 dx. 2
b
Therefore, the area of the parabolic semisegment is
2
A= jdA—jgh(lx—zjdx—@. 3)
b 3
(A)
Note: This area is 2/3 of the area of the surrounding rectangle.
A 1 _
y AW y=Ax)
Yek } XA
Vertex JA
A
A
y=fx) pl e \
X, \< Tl N\
h > Ye y/2
c 14 Xe Y Y B
Ye 0 R X
Y ( - > < dx
L b I - b g
a b

Centroid of a parabolic semisegment

The first moment of an element of area dA with respect to an axis is obtained by
multiplying the area of the element by the distance from its centroid to the axis. Since the x
and y coordinates of the centroid of the element shown in figure b are x and y/2, respec-

tively, the first moments of the element with respect to the x and y axes are

b2 22 2
szj‘ldA:J.h— 1-% dx:ﬂ, 4)
2 0 2 b2 15
b 2 2
X b“h
Sy =|xdA=|hx|1-— dx=—-, %)

in which we have substituted for dA from Eq. (2).
We can now determine the coordinates of the centroid C:

Sy 3b
y
Xo = —2 =—, 6
c= AT g (6)
Sy 2h
=2 =— 7
Ye A 5 (7)
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Notes: The centroid C of the parabolic semisegment may also be located by taking
the element of area dA as a horizontal strip of height dy and width

Xx=b 1—1.
\" h

(8)

This expression is obtained by solving Eq. (1) for x in terms of y.
Another possibility is to take the differential element as a rectangle of width dx and

height dy. Then the expressions for A, Sy, and Sy are in the form of double integrals in-

stead of single integrals.

Centroid of a parabolic LUeHTtp “TtAXecTH” nnowa-

spandrel W, OorpaHu4YeHHOW napa-
6onon, reomeTpuvecKkuin
LeHTp nnowaau, orpaHu-
YyeHHOM napabonon
y=f{x)—
< 'xC -
h
Vertex >
C A X.
Ye ¢
Y Y g
0 b _ X

Centroid of a parabolic spandrel

LleHTp “TAXecTU” 4yeTBep-
TW Kpyra, reoMeTpu4eckum
LeHTp YeTBepTH Kpyra

Centroid of a quarter circle

A Ve
L xC —
C A X,
Ye
) >
0 r . X

Centroid of a quarter circle

LUeHTp “Barn” nnowi, 06-
MexeHoi napabonor, reo-
METPUYHMW UEeHTP nJoLi,
obmexeHoi napabonoto

Origin of axes at vertex O:

hx2
y= f(X):b—Z’
ath
3
-2,
4
_3h
YC—E-

LleHTp “Barn” uBepTi Kpyra,
reomMeTpu4yHUM LEeHTp YBep-
Ti Kpyra

Origin of axes at center of circle O:

721’2

A=",
4
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Centroid of a quarter- LUeHTp “TtAXecTU” nnowa- LeHTp “Barn” nnowi, 06-
circular spandrel OW, OrpaHUYeHHOW YeT- MEXEeHOI u4YBEepTI  Kpyra,
BepTbIO Kpyra, reomeTpu- reoMeTpuM4yHuUM LEeHTp nno-
YEeCKUM LEeHTp nnowaam, Wi, oOOMeXKeHOoI YBepTIO Kpy-
OrpaHU4YeHHOW YeTBEPTbIO ra
Kpyra
Origin of axes at point of tangency:
YA Ve k
- V4
El A = (l_ —jl’z )
r 4
2r
- X¢ . Xe =———~0.7766 1,
= 3(4 — 7[)
10-37)r
| yo = 10370 4 o034y
-~ 3(4-r)
X
C V. c
0 T X
Centroid of a quarter-circular spandrel
centroid of a rectangle LUeHTp “TsaecTU” npsiMo- UeHTp “Barn” NPAMOKYTHU-
yronbHuUKa, reomeTpuye- Ka, reOMeTpPUYHUM LIeHTp
CKMWA LEHTP NpPsiMOYyrosb- NPSAMOKYTHUKA
HUKa
A A Origin of axes at centroid:
Ve A=bh,
b
A XC = E y
X .
C 2 *
h -
c ) X
Ve
| ) g
b X

Centroid of a rectangle
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Centroid of a right triangle LeHTp “Tsi>)kecTM” npsAMO- LeHTp “Barn” npAMOKYTHO-
YronbHOro TpeyrosibHuKa, ro TPUKyTHUKa, reoMeTpuy-
reomMeTpu4ecKum LLeHTp HUA UEeHTP MNPSAMOKYTHOro
NPSIMOYrosibHOro Tpe- TPUKYTHUKA
yrosnbHuKa

\ Origin of axes at centroid:
Ye
, _ bh
b
h e Xe = 3
. h
C [ - Yo =—.
\ e ¢ © 3
Y ) .
- b .- *

Centroid of a right triangle

Centroid of a semicircle LUeHtp “TsikecTn” nony- LUeHtp “Barn” niBkpyra,
Kpyra, reomMeTpu4ecKkum reoMeTpu4yHUM LEHTp niB-
LeHTp nonykpyra Kpyra
vt Origin of axes at centroid:
2
7
A=—,
. 2
Yo = 4r
> C — .
C Ayc \ X, 37
>

Centroid of a semicircle

Centroid of a semisegment LeHTp “TAxKeCcTW”’ nony- LeHTp “Barn” HaniBcermeH-
of n th degree cerMeHTa nN-  CTeneHwu, Ta N-ro cTeneHsA, reomeTpu-
reoMeTprU4ecKum LleHTp YHUW LEHTp NniBCermMeHTta n-
nonycermMeHTta n-u creneHu ro creneHs
VA Origin of axes at corner:
yC‘ = n
} T y=fx) X .
x y=f(x)=h 1—b—n , (n>0);
n
h - A=bh[ |,
C 1 Xe n+1
e b(n+1)
y i . Xe =—F7—=
0l b £l 2(n+2)
. : hn
Centroid of a semisegment of n th degree Ye

T o+l
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LUentp “Barn” (niB)xBuni
CUHyca, reomMeTpu4HuUmn
ueHTp (niB)xBUIi CUHYCca

LUentp “tsaxectn” (no-
ny)BonHbl CUHyca, reo-
MeTpu4YecKkMn uUeHTp (no-
Iy)BONHbI CUHYCa

Centroid of a sine wave

y. ! Origin of axes at centroid:
; Az ton
h \ N V4
C A X, 7h
\ Vyc _ yC = E .

Centroid of a sine wave

Centroid of a spandrel of n
th degree

LeHTp “TAXecTU” nnowa-
OW, orpaHuyeHHOM napa-
6onon n-n crteneHun, reo-
MeTpUYECKMN LEeHTp nno-
lwaau, orpaHuyYeHHoM na-
pabonon n-1 cteneHun

LUeHTp “Barn” nnowi, 06-
MexeHoi napabonorw n-ro
cTeneHs, reomMeTpuU4HNM
UeHTp nnowi, obmexeHoi
napabosnoto N-ro creneHs

A Yok Origin of axes at point of tangency:
c A
_ hx"
yN y=f(><):b_n’(n>0);
- = y h bh
A == —1 y

\ > n+

¢ vyc Y e b(n +1)

—— > Xp=—— 7

Centroid of a spandrel of n th degree Yo = h(n "‘1) .
2(2n+1)

LeHTp “Barn” ayru ToHKoro
KPYroBoro Kinbusi, reomeT-
PUYHMIA LIeHTP AYrn TOHKO-
ro KpyroBoro Kinbus

LleHTp “TsbkecTW” AOyrn TOH-
KOro KpyroBoro KonbLa,
reoMeTpUYeCKUn LIeHTp ayru
TOHKOrO KpyroBoro Kosnbua

Centroid of a thin circular
arc

Origin of axes at center of circle.
Approximate formulas for case when t

\ is small:
\ - S —angle in radians, (,3 < 77/2)?
y“ A=2prt,
c _rsing
. Y
\

=Yy

Centroid of a thin circular arc
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Centroid of a trapezoid Llentp “TAxecTn” Tpane- LUeHTtp “Barn” Tpanedui,
umum, reomMeTpuyeckum reoMeTpM4yHMM LEeHTp Tpa-
LeHTp Tpaneuuu neuii
vt Origin of axes at centroid:
e A h(a+b) |
} 2
yo = h(2a+b)
C — 7 N =
h C f x 3(a+b)
Ve ‘
Y Y -
b X

Centroid of a trapezoid

Centroid of a triangle LeHtp “TAXKECTU”  Tpe- LeHTp “BarnM” TPUKYTHMKA,
yronbHuKa, reomeTpuye- reoMeTpu4yHUM LEeHTp Tpu-
CKUW LeHTpP TpeyronbH1Ka KYTHUKa
vl . Origin of axes at centroid:

‘ aA_Ph
/\ >
~Ze > b+

3
C A X, n
3 .

\J

b

Centroid of a triangle

Centroid of an arbitrary LeHtp “Tsixkectn” npoms- LeHTp “Barn” AoBinbHOI

area BONbLHOW nnowaau, reo- nroLi, reOMeTPUYHUNA LEHTP
MeTPUYECKMN LEeHTP Mpo- AOBINbHOI NNOLLi
M3BONbLHOM Nnowanun

"’y x X A= jdA —area of a plane figure,
) X, Vel i A
- s > C - centroid,
X, Yo — coordinates of the centroid:
A dA A Sy S
- Xe=—>, Yo =2
C X, A A
v |7 y=[xdA, Sy =[ydA — first mo-
‘ A A
0 y v - ments a plane figure.

Centroid of an arbitrary area
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Axial moment of inertia of a OceBOM MOMEHT MHepLuuu OcbOBUMA MOMEHT iHepuii
parabolic semisegment napabonunyeckoro nony- napab6oniyHoro niBcer-
cermMeHra MeHTa

y Determine the moments of inertia Iy
and |y for the parabolic semisegment OAB

A y=f(x)

shown in figure. The equation of the para-
bolic boundary is

2
_ _ X
5 dA\ y = f(x)_h(I —sz.
\y To determine the moments of inertia

“y/2 by integration, we will use the equation

Iy = .[ x2dA. The differential element of
- N Y A

| o

- - area dA is selected as a vertical strip of
A parabolic semisegment width dx and height y, as shown in figure.
The area of this element is

2
_ _ X
dA = ydx = h(l —b—zjdx.

Since every point in this element is at the same distance from the y axis, the moment

of inertia of the element with respect to the y axis is x2dA. Therefore, the moment of iner-
tia of the entire area with respect to the y axis is obtained as follows:

b
(w2 _ [ 2 x% )y, _ 2hb3
Iy—jx dA—(j)x h(l—b—z)dx—T.

To obtain the moment of inertia with respect to the X axis, we note that the differen-
tial element of area dA has a moment of inertia dl, with respect to the X axis equal to
3
diy =L (axyy? =L dx.
Hence, the moment of inertia of the entire area with respect to the x axis is
b 3 b 3
y h3(,_x? 16bh’
I =|—0X = | — 1 _— X = .
= o[-0 o0t

The same results for 1y and |y can be obtained by using an element in the form of a

horizontal strip of area dA = xdy or by using a rectangular element of area dA = dxdy and
performing a double integration.
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Centroidal (central) axial LleHTpanbHbIN oceBou LleHTpanbHun 0CbLOBUM
moment of inertia of a rec- MOMEHT UWHepuuu npsimMo- MOMEHT iHepuii NPAMOKYT-
tangle yrosibHUKa HUKa

VA Let’s obtain unknown axial moments

of inertia by integration. For this we will
dA dy consider a rectangle having width b and
] £ l height h. The X, and Y, axes have their ori-

gin at the centroid C. We will use a differen-
h2l A tial element of area dA in the form of a thin
horizontal strip of width b and height dy
N (therefore, dA=Db-dy). Since all parts of the
C Xe elemental strip are located at the same dis-
tance from the X axis, we can express the
h2 moment of inertia |, with respect to the X
axis as follows:

5 h/2 5 bh3
b2 | b2 Ixczjy dA = jy bdy = —.
) | -h/2 12
A rectangle In a similar manner, we can use an
element of area in the form of a vertical strip
with area dA = hdx and obtain the moment of inertia with respect to the y axis:

o |

b/2 ho3
ly :szdA: j x2hdx = —— .
¢ 12
—b/2

If a different set of axes is selected, the moments of inertia will have different values.
For instance, consider axis X at the base of the rectangle. If this axis is selected as the refer-
ence, we must define y as the coordinate distance from that axis to the element of area dA.
Then the calculations for the moment of inertia become

h 3
Iy =.[y2dA:jy2bdy:%.
0

Note: The moment of inertia with respect to axis X is larger than the moment of iner-
tia with respect to the centroidal X. axis. In general, the moment of inertia increases as the

reference axis is moved parallel to itself farther from the centroid.

Centroidal (central) mo- LleHTpanbHble oceBble LleHTpanbHi OCbOBi MOMEH-
ments of inertia of a MOMEHTbl MHepuuu npA- TU iHepuil NPAMOKYTHOro
straight triangle MOYrofibHOro Tpeyrosb- TPUKYTHUKA

HUKa

To illustrate how moments of inertia are obtained by integration, we will consider a
right triangle having width b and height h. The x and y axes coincide the sides of the figure.
For convenience, we use a differential element of area dA in the form of a thin horizontal
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R S 2 strip of width b(y) and height dy (therefore,
X 5 3 dA = b(y) dy). Since all parts of the elemen-
X Ye = 3 tal strip are located at the same distance from
N AN the x axis, we can express the moment of in-
Y : . :
nl 7% @ _ dy ertia |, with rezspect to the X axis as follows:
cl 1\ — Ix = [y“dA, where dA=h(y)dy.
xC‘
L b0) | v, ih A
| ! © 3 Because
b x M:M_)b(y):bl_l ,
b h h
A straight triangle A 3 A h 3
y),2 y Yy bh
Iy =|b1-=|y“dy=b ——"— || =—.
X (j)( hjy y {3 4hJ 12
0
hb?
By a similar way |, =—.
y yly D

If a different set of axes is selected, the moments of inertia will have different values.
For instance, consider axis X; at the tip of the triangle. If this axis is selected as the refer-
ence, we must define y as the coordinate distance from that axis to the element of arca dA.

Then the calculations for the moment of inertia become

2 ", bh’
Iy, = [y"dA=[y b(y)dy ==~
A 0

If we remember the positions of a straight triangle centroid and parallel-axis theorem
for axial moments of inertia, the calculations for the centroidal moments of inertia lead to

1~ Ay Db njz_ﬁ
Xe X “ 12 23 36

or

bh® bh(,_ h}* bh3

I, =1, —Alh-y. )P =——|h-—=| =—.
Xe = 1 (h-yc) 4 2 ( 3j 36

bh’

36

Note: The moments of inertia with respect to axes X and X; are larger than the mo-

By a similar way Iy, =

ment of inertia with respect to the centroidal X axis. In general, the moment of inertia in-

creases as the reference axis is moved parallel to itself farther from the centroid.
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Centroidal axial moments LleHTpanbHble oceBble MO- LleHTpanbHi 0CbOBi MOMEH-
of inertia of a parabolic MEeHTbl WHepuuMm napabo- TU iHepuii napa6oniyHoro
semisegment NIMYecKoro nosycermeHTa niBcermeHTa

4 The parabolic semisegment OAB
x 4 Ve shown in figure has base b and height h. Us-

ing the parallel-axis theorem, determine the
moments of inertia Iy and Iy with respect

h < to the centroidal axes X; and Y.

C | X, We can use the parallel-axis theorem
Ve (rather than integration) to find the centroidal
y B moments of inertia because we already know
the area A, the centroidal coordinates X, and

Yc, and the moments of inertia Iy and I

=Y

0 b

A parabolic semisegment : )
with respect to the X and y axes. These quanti-

ties may be obtained by integration (see axial moment of inertia of a parabolic semiseg-
ment). They are repeated here:

_2bh 3b _2h _16bh’ _ 2hb3
A=S30 % =%, Y=, Ik=Tps ly=53

To obtain the moment of inertia with respect to the X. axis, we write the parallel-
axis theorem as follows:

2
I =1y +AYe.

Therefore, the moment of inertia | X 18

Iy =1 —Ayzzm_m(z_h _ 8bh?
Xe = Ix c 105 3 \3 175
In a similar manner, we obtain the moment of inertia with respect to the Yy, axis:

3
“ 1y - a2 = 200 2bh(3b)2 19hb3

| 15 480 -

Ye

Geometrical properties of a FeomeTpnyeckme xapakrte- FeomeTpuUHi xapakrtepwuc-
circle PUCTUKMN Kpyra TUKMN Kpyra

ve'l d=2r Origin of axes at center of circle:

A=ar?="
4
_art_ad?
Ye 4 64
y =0,

r IXC:I

| :ﬂf__ﬂd
P 2 32°
Sart _ 52d%

x = 4 64

A circle
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Geometrical properties of a FleomeTpuyeckne  xapakre- FeomeTpunYHiI XapakTepu-
circle with core removed PUCTUKM Kpyra C OTBEPCTUEM CTUKM Kpyra 3 OTBOPOM
2t Origin of axes at center of circle:
:Ki a =angle in radians, (@ <7/2);
) a
o =arccos—, b= r? _a? ;
4 b ' b
a
\ ! A=2r2(a——2j,
C ) X, r
o
r 3ab  2ab’
. I, =355 |
6 r r
Y
o ré ab 2ab’
= > Iy =—|a———-—F7| XoY =0.
: . c 2 r.2 I’4 cYe
A circle with core removed
Geometrical properties of a FeomeTpnyeckme xapakrte- FeomeTpunyHiI XapakTepu-
circular sector PUCTUKM KPYroBOro CeKTO- CTUKM KPYroBOro cektopa
pa
Yeh
xC ) xC - PR .
= B Origin of axes at center of circle:
a=angle in radians, (¢ <7/2);
. 2rsino
A=ar2, Xe =rsina, Yo=—";
3a
- r4
e I, =—(a+sinacosa),
Xc "4
o 4
r .
z ly, =—(a—-sinacosa),
¢ 4
[ o _ _
0 X Ixcyc_IXYC_O’
4

_ar

A circular cector )
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Geometrical properties of a FeomeTpnyeckme xapakrte- FeomeTpuUYHI XapakTepu-
circular segment PUCTUKN KPYroBoro cer- CTUKUN KPYroBOro cermeHTa
MeHTa

Origin of axes at center of circle:
a=angle in radians, (¢ <7/2);

Ve
I /-\ = 2r sin> &
/ C \ Xe yC =
0

a

3| a—sinacosa |
I’4 3
L Iy =—(a—sinacosa +2sin” ),
h 4
- Ichc ZIXYC =0,

Y

¢ X 4

_r . . 3
A circular segment ch =1 (Ba—3sinacosa —2sin” acosa) .
Geometrical properties of FeomeTpuyeckme xapakre- FeomeTpuUYHI XapakTepu-
an ellipse PUCTUKM annunca CTUKM eninca
A Origin of axes at centroid:
: A=rab,
o — b’ o aba®
b X g 7 Ye & 4 7
A > I XC yC - 0 ’
C A X 7Zab
‘ Ip="—(b*+a%).
b 4
i Circumference~ z[1.5(a+b)—+/ab],
a | a _ (a/3 < b < a) )
o B} - 2
An ellipse ~4.17b°/a+4a, (0<b<a/3).
Geometrical properties of FeomeTpuyeckue xapakre- FeomMeTpuYHi xapakrepuc-
an isosceles triangle pUCTUKN paBHOGEeApPEeHHO- TUKHN piBHOGeapeHoOro
ro TpeyronbHuUKa TPUKYTHUKA
VA Ny Origin of axes at centroid:
bh b h
A A:_) XC:_a yC:_’
2 2 3
X
W [/ Lo_bn’ e
C — 36 Yoo 487 XYoo
v bh bh?
) \ i _ Ipz—(4h2+3b2), Iy =—-.
b | X 144 12

_ : Note: For an equilateral triangle, h = J3b/2.
An isosceles triangle
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Geometrical properties of a
parabolic semisegment (see
also axial moment of inertia
of a parabolic semisegment)

FeomeTpnyeckme xapakrte-
pucTMkn napaéonu4yecko-
ro nonycerMeHTa

FeomeTpuYHi xapakrtepuc-
TUKM napaboniyHoro ni.-
cermMeHTa

" Origin of axes at corner:
Vi rtycﬂ X2
crhex y:f(X):hl——,
bz
) -
y=fx) A—th x—& y—2_h-
L, xC . 3 9 C 8 D) C 5 ’
: > 3 3 212
c z . _l6bh _ 2hb _b*h
| Ve 1050 s Y2
O - b > X
A parabolic semisegment
Geometrical properties of a FeomeTpnyeckme xapakre- [eomMeTpuuyHi XxapakTepuc-
parabolic spandrel PUCTUKM nnowiaau, orpa- TUKW Nnolli, oomMexeHoI na-
HUYeHHOMN napabonon pabonoto
A Yk , Origin of axes at vertex:
_ 3
Y=/ (x)— hx
y = f (X) = _29
b
e bh 3b 3h
h A =" XC =, c— T~ 5
3 4 10
Vertex o = B bh? _ hb? _ bZh?
el o1 Y s Y
0 b . X
A parabolic spandrel
Geometrical properties of a FeomeTpnyeckme xapakrte- FeomeTpuyUHi xapakrtepwuc-

quarter circle

yk

PUCTUKM HeTBEPTU Kpyra TUKKN depTi Kpyra

Origin of axes at center of circle:

-

0 7

- >

A quarter circle

2
ar 4r
A:—’ X~ = =—,
4 c=Ye T3,
721’4 I’4
S x=ly=" b=y
xC
2 4
ve Oz -enrt 4
: L =1y, _T~0.05488r .
X
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Geometrical properties of a FeomeTpnyeckne xapakrte- FeomeTpunyHiI XapakTepu-
quarter-circular spandrel PUCTUKM nnowagu, orpaHm- CTUKM nnowi, obMeXeHoi
YeHHOW YeTBepTLIO Kpyra YBepTHO Kpyra
Origin of axes at point of tangency:
YA Yok
. T\ 2
X A=|1-—1r",
r . ( 4j
2r
X, Xc =—— =~ 0.7766r,
< - 34—1m)
= M ~0.2234r
l _ ¢ 34-7) ’
C Ye St
e _ Ixz(l——jr4z0.01825r4,
0 T X 16
: 1
A quarter-circular spandrel I y = IX1 = (g —%}4 ~0.1370r* .
Geometrical properties of a FeomeTpnyeckue xapakre- FeomeTpuUHi xapakrtepwuc-

rectangle (see also centroidal
(central) axial moment of in-
ertia of a rectangle)

el
A
h Y >
C Xe
Ve
Y 1
- b >
a
A rectangle
a) Origin of axes at centroid:
b h
A=bh, x.=—, =—;
c=5 Ye > Iy
_ bh? _ hb? “o.
X0 Yoo p 7 Yo o

bh . > 2
| ,=—(h"+b").
P 12( +b%)

PUCTUKUN NPAMOYroJfibHUKa

TUKN NPAMOKYTHUKaA

y A
/ X
}
h
' >
0 - b > *
b
b) Origin of axes at corner:
_bh? _ hp? _b%h?
BT A S

bh
Ipz?(h2+b2),

b3h3

|, =2
T 6(b2 +h?)
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Geometrical properties of a FeomeTpnueckme xapakrte- FeomeTpunYHi XapakTepu-

regular polygon with n PUCTUKN pPaBHOCTOPOHHe- CTUKM  PiBHOCTOPOHHLOrO

sides ro MHOrOYrofilbHMKa € n OaraToKyTHMKa 3 n cTopo-
CTOpOHamMu HamMu

Origin of axes at centroid:

C = centroid (at center of polygon),
N = number of sides (N >3),

b = length of a side,

S = central angle for a side,

a = interior angle (or vertex angle),

p=300" a_(” 2)1800 o+ f=180°;
n n
R;= radius of circumscribed circle (line
V CA),

R, = radius of inscribed circle (line CB),

2
b b nb
R :—cscﬁ, R :—cotﬁ, Az—coté;
A regular polygon with n sides 2 2 2

. — moment of inertia about any axis

through C (the centroid C is a principal point and every axis through C is a principal axis),

b3
lc = 192(cot’§j(300t2’8 j I, =2l¢.

Geometrical properties of a FeomeTpnyeckme xapakre- [eomMeTpuuHi Xxapakrtepwuc-

right triangle (see also cen- PUCTUKN NPSAMOYrOfIbHOrO  TUKU MPSMOKYTHOIO TPUKYT-
troidal (central) moments of TpeyrofnibHUKa HUKa
inertia of a straight triangle)
VoA i
} X
h Xe, h
C I X,
Ve
Y Y . Y .
X 0 X
-t b P - b P
a b

A right triangle
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a) Origin of axes at centroid:

b) Origin of axes at vertex:

bh b h 3 3 2.2
2 3 3 AT e D V
bh? hb° b’h? bh > bh3
=—, =, =—— |, =—(h?+b%), I, =—.
X360 Yoo 360 XYoo p=15 ¢ Y
bh 5 .o bh?
|, =—(h"+b%), I,=—.
P =36 =
Gometrical properties of a FomeTpuyeckue xapakrte- FomeTpunyHiI XapakTepu-
semicircle PUCTUKN NMOJyKpyra CTUKM niBKpyra
A Origin of axes at centroid:
yC 2
A = _7Zr = ﬂ N
20 JeTag
2 2
! 1, = O 6D 100814,
> ¢ 127
C ] X 4
Ve \ ¢ | =
e Ye 8’
A semicircle I — | _ |, = 7z1’_4
XYy¢ XcYe ’ X 8
Gometrical properties of a eomeTpuyeckue xapakre- FeomeTpuyHi xapakTtepwuc-
semisegment of n th degree = pucTuUKM nonycermeHTa n-n TUKM niBCerMeHTa n-ro cre-
cTeneHm neHs
YA ‘ y=fx) N
X — Ve y=f(x)=h l_b_n , (n>0);
h n+1 2(n+2)
C A X — hn
’ ‘ Ye = n+1
C
i 1 _ 2bh3n3 [ = hb3n .
0l b . X (n+D2n+DH3Bn+1)° Y 3(n+3)°
A semisegment of nth degree b2h2n2

'XV:4(n+1)(n+2)'
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Geometrical properties of a FeomeTpnyeckue xapakre- FeomeTpuUYHI XapakTrepu-
sine (half-sine) wave PUCTUKKN (NOSMY)BOSIHbI CU- CTUKM (NiB)XBUNi cUHycoian
HycouAabl

Origin of axes at centroid:

1 4bh zh
¢ T ’ yC 8 s
A
l, = (i—l)ﬁ ~0.08659bh*
h \ _ XC 97[ 16 2
< P e 4 32 |p3 3
Y - I, =| =—=2% |hb” 2 0.2412hb",
b B b X Ye T 7[3
A semisine wave | . =0 [ = 8bh3
XcYe © XY T X7 97 -
Geometrical properties of a FeomeTpuyeckne xapakrepwu- FeomeTpuUYHI XapakTepu-
spandrel of n th degree CTUKM nrowjaaun, orpaHvN4eH- CTUKM nnolli, o6mexeHoi
HoM napabonoun n-i creneHn napabonot n-ro creneHs
VA YA Origin of axes at point of tangency:
c A
n
v y=f(x)= % (n>0);
s -~ h bh b(n+1) h(n+1)
A: s XC = s yC = a
_ n+1 n+2 2(2n+1)
) X
< | | L __bh  _, _hb® , _ b .
or b x X73@n+1)" Y n+3” Y 4(n+1)’
) - 2
A spandrel of nth degree o o y2A B bh? | h(n+1) bh
X833+ | 22n+1) | n+l’
5 hb® [bin+1)T? bh
¢ n+3 n+2 n+1
Geometrical properties of a FeomeTpunyeckme xapakre- FeomeTpuUYHiI XapakTepu-
thin circular arc PUCTUKN AYyrM  TOHKOro CTUKM AYrM TOHKOrO KpYyro-
KPYroBoOro Kosnbua BOTrO Kinbus
Ve Origin of axes at center of circle.
Approximate formulas for case when t is
small:
xﬁcc p —angle inradians, (f<7/2);
rsi
Ve o A=2prt, Yy.= Slrlﬂ;
B
. IX:r3t(,B+sin,Bcosﬁ),
Y i
0 X ch :r3t(,b’—sin,b’cos,b’),

A thin circular arc

| ly =0,

XeYe ~ XY
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3(2,B+sin2ﬂ l—cos2ﬂ)
IX :rt - .
C 2 ﬁ

Note: For a semicircular arc, (f=7/2).

Geometrical properties of a FeomeTpnyeckme xapakrte- FeomeTpuyUHi xapakrtepwuc-
thin circular ring PUCTUKN TOHKOIO KpPyroBo- TUKN TOHKOro KpyroBoro
ro Konbua Kinbus
yc“ d:21"

Origin of axes at centroid.
Approximate formulas for case when t is small:

A=2xrt =rdt,
Sl = adpemdit
Iy, =y, =art="2
IXcYc =0,
_ o3 addt
Ip =2art= -
A thin circular ring
Geometrical properties of a FeomeTpnyeckme xapakre- FeomeTpuUHi xapakrtepwuc-
thin rectangle PUCTUKN TOHKOro npsiMo- TUKN TOHKOro MPSMOKYTHM-
yronbHuKa Ka

Origin of axes at centroid.
Approximate formulas for case when t is small:

A=bt,
3
Iy, = tb ===-sin ﬂ

Ve

3
ch tlbz cos ,8

3
Ixz%sinzﬂ.

A thin rectangle
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Geometrical properties of a FeomeTpnyeckme xapakrte- FeomeTpuyHi xapakrtepwuc-
trapezoid PUCTUKN Tpaneuum TUKU Tpanewii

Origin of axes at centroid:

Vel h(a+b)
| a A=—"1—,
l: > 2
1 _h(2a+b)
. " 3a+b) ’
¢ “y X, o h3(a2 + 4ab + b?)
Y . _ Xe 36(a+h) ’
X
> b - | _MGa+b)
A trapezoid X 12 .
Geometrical properties of a FeomeTpuyeckme xapakre- FeomeTpuyHi xapakTtepwuc-
triangle PUCTUKM TpeyronbHUKa TUKM TPUKYTHUKA
Yeh
1
«C 5 C 5
) ‘ ;1
- xC e
h ) \ - h
C A xj
Ve
y ( Y .
0 x
- b > - b =
a b
An arbitrary triangle
a) Origin of axes at centroid: b) Origin of axes at vertex:
bh b+c h 3
A=—, Xe=—7, Yc=73; | :&
2 3 3 X— 37
bh? bh . > 2 bh . 2 2
ly, =—, |y, =—(b“-bc+c”); Iy, =—@3b” -3bc+c”),
36 Y = 36" ) v =15t )
bh? bh?
I =——(b-20), l.w =——(@3b-20),
XeYe = 75 ( ) Xy = o4 ( )

bh . » . » 2 bh3
| . =—(h*“+b“-bc+c“). _
P 36( ) =,

X] 4
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Geometrical properties of
angle sections with equal
legs (L shapes) (AISC)

FeomeTpuyeckue  xapakre-
PUCTUKM CTanu npOKaTHOW
yrnoBom [paBHOMONOYHOM
(ctaHpgapT AmMepuKaHCKOro
MHCTUTYTa CTallbHbIX KOHCT-

pyKumi)

FeomeTpuyHi xapaktepuc-
TUKM CTani NPoKaTHOI KyTo-
BOi piBHOMOMWUYHOI (CTaH-
AapT AMepUKaHCbKOro iH-
CTUTYTY CTaflbHUX KOHC-

TPYKUiN)

2

Notes: Axes 1-1 and 2-2 are centroidal axes
parallel to the legs.

The distance € is measured from the cen-
troid to the back of the legs.

For axes 1-1 and 2-2, the tabulated value of
W is the smaller of the two section moduli for
those axes.

Axes 3-3 and 4-4 are principal centroidal axes.

The moment of inertia for axis 3-3, which is
the smaller of the two principal moments of inertia,

can be found from the equation I35 = Aiélin .

The moment of inertia for axis 4-4, which is
the larger of the two principal moments of inertia,

can be found from the equation l44q + 133 =11+ 125

) ) ) Axis 1-1 and Axis 2-2 Axis 3-3
Designation Weight per foot | Area ) -
I W [ C Ihin
in. Ib in” | in* | in’ | in. | in in.
L8x8x1 51.0 15.0 89.0 | 158 | 2.44 | 2.37 1.56
L 8x8x3/4 38.9 11.4 69.7 | 122 | 247 | 2.28 1.58
L8x8x1/2 26.4 7.75 48.6 | 836 | 2.50 | 2.19 1.59
L6x6x1 37.4 11.0 355 | 857 | 1.80 | 1.86 1.17
L6x6x3/4 28.7 8.44 282 | 6.66 | 1.83 | 1.78 1.17
L6x6x1/2 19.6 5.75 199 | 4.61 | 1.86 | 1.68 1.18
L5x5x%x7/8 27.2 7.98 17.8 | 5.17 | 1.49 | 1.57 0.973
L5x5x%x1/2 16.2 4.75 11.3 | 3.16 | 1.54 | 1.43 0.983
L5x5x3/8 12.3 3.61 874 | 242 | 1.56 | 1.39 0.990
L4x4x3/4 18.5 5.44 7.67 | 281 | 1.19 | 1.27 0.778
L4x4x1/2 12.8 3.75 556 [ 1.97 | 1.22 | 1.18 0.782
L4x4x3/8 9.8 2.86 436 | 152 1.23 | 1.14 0.788
L31/2x31/2x3/8 8.5 2.48 287 | 1.15 | 1.07 | 1.01 0.687
L312x31/2x1/4 5.8 1.69 2.01 10.794| 1.09 | 0.968 0.694
L3x3x1/2 9.4 2.75 2.22 | 1.07 | 0.898 | 0.932 0.584
L3x3x1/4 4.9 1.44 1.24 [0.577| 0.930 | 0.842 0.592
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Geometrical properties of
angle sections with equal

legs (L shapes)
(GOST 8509-72)

FeomeTpnyeckme xapakre-
PUCTUKN CTanu NpoKaTHOM
YyrnoBoM paBHOMOJIOYHOM

(FOCT 8509-72)

FeomeTpuUYHI

Xapakrepuc-
TUKK CTani NPoKaTHOI KyTo-
BOi piBHononuuHoi (Odepx-
ctaHgapT 8509-72)

—>7<i
[ %,
Yo b — width of web,
d — thickness,
b I — moment of inertia,
I — radius of gyration,
x /A I Z — distance to centroid.
120
5 1 71 oy,
Yo s
X0 - b =
b |d Axes
Designation Area, X-X Xo =Xy Yo —Yo 2, lg/rIELSlSe _
(number) mm | cm’ ., Iy, I X() max » iXO max> | | Yo min > iyo min > | CIM ptel‘, kg
em' | em | cm? cm cm’ cm
1 213 4 5 6 7 8 9 10 11 12
2 2013 | 1,13 | 0,40 |0,59| 0,63 0,75 0,17 0,39 10,60| 0,89
411,46 | 0,50 |0,58| 0,78 0,73 0,22 0,38 10,64 1,15
2,5 25/3| 1,43 10,81 (0,75 1,29 0,95 0,34 0,49 10,73| 1,12
411,86 | 1,03 10,74 1,62 0,93 0,44 0,48 10,76 1,46
2,8 28|13 1,62 | 1,16 |0,85| 1,84 1,07 0,48 0,55 10,80| 1,27
3,2 3213 1,86 | 1,77 10,97 | 2,80 1,23 0,74 0,63 10,89| 1,46
41243 1|2,26 |096| 3,58 1,21 0,94 0,62 10,94 1,91
3,6 36/3| 2,10 | 2,56 |1,10| 4,06 1,39 1,06 0,71 10,99| 1,65
412751329 |1,09| 5,21 1,38 1,36 0,70 |1,04| 2,16
4 4013|2351 3,55|1,23| 5,63 1,55 1,47 0,79 11,09 1,85
413,08 |4,58 1,22 7,26 1,53 1,90 0,78 [1,13| 2,42
513,79 | 5,53 |1,20| 8,75 1,54 2,30 0,79 |1,17| 2,97
4,5 4513 12,65 | 5,13 |1,39| 8,13 1,75 2,12 0,89 [1,21] 2,08
41348 | 6,63 [1,38| 10,50 | 1,74 2,74 0,89 [1,26] 2,73
51429 | 8,03 (1,37 12,70 | 1,72 3,33 0,88 1,30 3,37
5 50{3(296 | 7,11 |1,55| 11,30 | 1,95 2,95 1,00 |1,33| 2,32
413,89 1921 [1,54| 14,60 | 1,94 3,80 0,99 1,38 3,05
514,80 [11,20(1,53| 17,80 | 1,92 4,63 0,98 [1,42| 3,77
5,6 56|41 4,38 |13,10|1,73| 20,80 | 2,18 5,41 1,11 |1,52| 3,44
515,41 [16,00|1,72] 25,40 | 2,16 6,59 1,10 |1,57] 4,25
6,3 6314|496 [18,90(1,95| 29,90 | 2,45 7,81 1,25 1,69 3,90
516,13 {23,10(1,94| 36,60 | 2,44 9,52 1,25 [1,74] 4,81
6| 728 [27,1001,93] 4290 | 2,43 | 11,20 | 1,24 |1,78| 5,72
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(continued)
1 2 3 4 5 6 7 8 9 10 11 12
7 70 14,5] 6,20 29,0 | 2,16 | 46,0 | 2,72 | 12,0 | 1,39 | 1,88 | 4,87
5 6,86 31,9 | 2,16 | 50,7 | 2,72 | 13,2 | 1,39 | 1,90 | 5,38
6 8,15 37,6 | 2,15 59,6 | 2,71 | 15,5 | 1,38 | 1,94 | 6,39
7 9,42 43,0 | 2,14 | 682 | 2,69 17,8 [ 1,37 | 1,99 | 7,39
8 | 10,70 | 482 | 2,13 | 764 | 2,68 | 20,0 | 1,37 | 2,02 | 8,37
75 175 |5 7,39 39,5 | 231 ] 626 | 291 | 164 | 1,49 | 2,02 | 5,80
6 8,78 46,6 | 230 | 739 290 | 19,3 | 1,48 | 2,06 | 6,89
7 | 10,10 | 53,3 | 229 | 84,6 | 2,89 | 22,1 | 1,48 | 2,10 | 7,96
8 | 11,50 | 59,8 | 2,28 | 94,6 | 2,87 | 24,8 | 1,47 | 2,15 | 9,02
9 | 12,80 | 66,1 | 227 | 1050 | 2,86 | 27,5 | 1,46 | 2,18 | 10,10
8 80 | 5,5 8,63 52,7 | 2,47 | 83,6 | 3,11 | 21,8 | 1,59 | 2,17 | 6,78
6 9,38 57,0 | 2,47 | 90,4 | 3,11 | 23,5 | 1,58 | 2,19 | 7,36
7 | 10,80 | 65,3 | 2,45 | 104,0 | 3,09 | 27,0 | 1,58 | 2,23 | 8,51
8 | 12,30 | 73,4 | 2,44 | 116,0 | 3,08 | 30,3 | 1,57 | 2,27 | 9,65
9 90 | 6 | 10,60 | 82,1 | 2,78 | 130,0 | 3,50 | 34,0 | 1,79 | 2,43 | 8,33
7 | 12,30 | 94,3 | 2,77 | 150,0 | 3,49 | 38,9 | 1,78 | 2,47 | 9,64
8 | 13,90 | 106,0 | 2,76 | 168,0 | 3,48 | 43,8 | 1,77 | 2,51 | 10,90
9 | 15,60 | 118,0 | 2,75 | 186,0 | 3,46 | 48,6 | 1,77 | 2,55 | 12,20
10 | 100 | 6,5 | 12,80 | 122,0 | 3,09 | 193,0 | 3,88 | 50,7 | 1,99 | 2,68 | 10,10
7 | 13,80 | 131,0 | 3,08 | 207,0 | 3,88 | 54,2 | 1,98 | 2,71 | 10,80
8 | 15,60 | 147,0 | 3,07 | 233,0 | 3,87 | 60,9 | 1,98 | 2,75 | 12,20
10 | 19,20 | 179,0 | 3,05 | 284,0 | 3,84 | 74,1 | 1,96 | 2,83 | 15,10
12 | 22,80 | 209,0 | 3,03 | 331,0 | 3,81 | 86,9 | 1,95 | 2,91 | 17,90
14 | 26,30 | 237,0 | 3,00 | 3750 | 3,78 | 99,3 | 1,94 | 2,99 | 20,60

16 | 29,70 | 264,0 | 2,98 | 416,0 | 3,74 | 112,0 | 1,94 | 3,06 | 23,30
11 | 110 ] 7 | 1520 | 176,0 | 3,40 | 279,0 | 429 | 72,7 | 2,19 | 2,96 | 11,90
8 | 17,20 | 198,0 | 3,39 | 3150 | 428 | 81,8 | 2,18 | 3,00 | 13,50
12,5 125 8 | 19,7 | 294 | 387 | 467 | 487 | 122 | 249|336 | 155
9 | 220 | 327 |38 | 520 | 486 | 135 | 248|340 173
10| 243 | 360 |3,85| 571 | 4,84 | 149 |247 345 | 19,
12| 289 | 422 3,82 | 670 | 4,82 | 174 | 246 | 3,53 | 22,7
14| 33,4 | 482 | 3,80 | 764 |478| 200 | 245 |3,61| 262
16 | 37,8 | 539 | 3,78 | 853 |4,75| 224 | 244 3,68 | 296
14 | 140 | 9 | 24,7 | 466 |434| 739 |547| 192 |2,79 | 3,78 | 19.4
10| 273 | 512 | 433 | 814 |546| 211 |2,78 (3,82 | 21,5
12 | 325 | 602 |431| 957 |543| 248 | 2,76 | 3,90 | 25,5
16 | 160 [10 | 31,4 | 774 | 496 | 1229 | 625 | 319 | 3,19 | 430 | 24,7
11 | 344 | 844 |495| 1341 | 624 | 348 | 3,18 | 435]| 27,0
12 | 374 | 913 | 494 | 1450 | 623 | 376 | 3,17 | 439 | 29.4
14 | 433 | 1046 | 492 | 1662 | 6,20 | 431 | 3,16 | 447 | 34,0
16 | 49,1 | 1175 | 4,89 | 1866 | 6,17 | 485 | 3,14 | 4,55 | 38.5
18 | 548 | 1299 | 4,87 | 2061 | 6,13 | 537 | 3,13 | 4,63 | 43,0
20 | 60,4 | 1419 | 4,85 | 2248 | 6,10 | 589 | 3,12 | 4,70 | 47.4
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1 2 3 4 5 6 7 8 9 10 11 12
18 | 180 |11 38,8 1216 | 5,60 1133 7,06 500 3,59 | 4,85 30,5
12 42,2 1317 | 5,59 2093 7,04 540 3,58 | 4,89 33,1
20 | 200 |12 47,1 1823 | 6,22 2896 7,84 749 3,99 | 5,37 37,0
13 50,9 1961 | 6,21 3116 7,83 805 398 | 5,42 399
14 54,6 2097 | 6,20 3333 7,81 861 3,97 | 5,46 42.8
16 62,0 2363 | 6,17 3755 7,78 970 3,96 | 5,54 48,7
20 76,5 2871 | 6,12 4560 7,72 | 1182 | 3,93 | 5,70 60,1
25 94,3 3466 | 6,06 5494 7,63 | 1438 | 391 | 5,89 74,0
30 111,5 | 4020 | 6,00 6351 7,55 | 1688 | 3,89 | 6,07 87,6
22 1 220 |14 60,4 2814 | 6,83 1170 8,60 | 1159 | 4,38 | 5,93 47.4
16 68,6 3175 | 6,81 5045 8,58 | 1306 | 4,36 | 6,02 53,8
25| 250 |16 78,4 4717 | 1,76 7492 9,78 | 1942 | 498 | 6,75 61,5
18 87,7 5247 | 7,73 8337 9,75 | 2158 | 4,96 | 6,83 68,9
20 97,0 5765 | 7,71 9160 9,72 | 2370 | 4,94 | 6,91 76,1
22 106,1 | 6270 | 7,69 9961 9,69 | 2579 | 493 | 7,00 83,3
25 119,7 | 7006 | 7,65 | 11125 | 9,64 | 2887 | 491 | 7,11 94,0
28 133,1 | 7717 | 7,61 12244 | 9,59 | 3190 | 4,89 | 7,23 | 104,5
30 142,0 | 8177 | 7,59 | 12965 | 9,56 | 3389 | 4,89 | 7,31 | 1114
Geometrical properties of FeomeTpnyeckme xapakrte- FeomeTpuyHi xapakrtepwuc-

angle sections with unequal
legs (L shapes) (AISC)

PUCTUKN CTanu NpokKaTHOMW
yrnoBoM HepaBHOMNOMOY-
Hou (cTaHaapT AmMepuKaH-
CKOro MHCTUTYTa CTanb-
HbIX KOHCTPYKLMW)

TUKU CTani NPoKaTHOI KyTo-
BOi HepiBHOMONUYHOI (CTaH-
AapT AMepUKaHCbKOro iH-
CTUTYTY CTaNnbHUX KOHC-

TPYKUiN)

Notes: Axes 1-1 and 2-2 are centroidal axes

parallel to the legs.

The distances ¢ and d are measured from the
centroid to the backs of the legs.

For axes 1-1 and 2-2, the tabulated value of
W 1is the smaller of the two section moduli for

those axes.

axes.

1 Axes 3-3 and 4-4 are principal centroidal

The moment of inertia for axis 3-3, which is
the smaller of the two principal moments of inertia,

can be found from the equation l33 = Airzmn .

The moment of inertia for axis 4-4, which is
the larger of the two principal moments of inertia,
can be found from the equation lgq + 133 =171+ 195.
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Weight Area Axis 1—_1 Axis 2—_2 .Axis 3-3
Designation, in. | foot I [ W] d | | W | c Imin an o

1b in? lin?lind | in. | in. |in?| in’ in. in. in.

L8x6x1 44.2 113.00{80.8(15.12.49(2.65|38.8| 8.92 | 1.73 | 1.65 | 1.28 [0.543
L8x6x1/2 | 23.0|6.75(44.3|8.02(2.56|2.47(21.7| 4.79 | 1.79 | 1.47 | 1.30 [0.558
L7x4x3/4 | 262 |7.69|37.88.42(2.22]2.51(9.05| 3.03 | L09 | 1.01 |0.860(0.324
L7x4x1/2 17.9 |5.25126.7(5.81|2.25|2.42|6.53| 2.12 | 1.11 [0.917]0.872]0.335
L6x4x3/4 | 23.6|694(24.5(6.25(1.88|2.08(8.68|2.97 | 1.12 | 1.08 |0.860(0.428
L6x4x1/2 16.2 |4.75(17.4|4.3311.91(1.99|6.27| 2.08 | 1.15 {0.987[0.870{0.440
L5x31/2x3/4| 19.8 | 5.81|13.9(4.28|1.55|1.75|5.55| 2.22 {0.977]0.996|0.748 |0.464
L5x31/2x1/2| 13.6 |4.00(9.99(2.99]|1.58(1.66(4.05| 1.56 | 1.01 {0.906|0.755|0.479
L5x3x1/2 12.8 | 3.7519.45(2.91|1.59|1.75|2.58| 1.15 {0.829(0.750{0.648 {0.357
L5x3x1/4 6.6 | 1.94(5.11|1.53]1.62(1.66|1.44(0.614(0.861(0.657|0.663(0.371
L4x312x1/2] 11.9 |3.50(5.32|11.94|1.23|1.25|3.79| 1.52 | 1.04 | 1.00 {0.722{0.750
L4x312x1/4] 62 |1.81(291(1.03/1.27(1.16(2.09{0.808| 1.07 {0.909|0.7340.759
L4x3x1/2 11.1 {3.25(5.05(1.89|1.25(1.33|2.42| 1.12 [0.864|0.827|0.639|0.543
L4x3x3/8 8.5 [2.48(3.96(1.46|1.26(1.28{1.92/0.866(0.879|0.782|0.644|0.551
L4x3x1/4 5.8 |1.69]2.77(1.00|1.28{1.24|1.36/0.599|0.896|0.736|0.651|0.558

Geometrical properties of
angle sections with unequal

legs (L shapes)
(GOST 8510-72)

Y1

y

X0

d

FeomeTpuyeckme xapakre-
PUCTUKN CTanu NpoKaTHOWM
HepaBHOMNOMOY-
Hou (FOCT 8510-72)

yrrnosou

Yo,

Y

X1

FeomeTpuUYHi xapakTtepuc-
TUKU CcTani NpoKaTHOI Ky-
TOBOI  HEpPIBHOMOSMUYHOI
(DepxcTtaHpapTt 8510-72)

B — width of larger leg,

b — width of smaller leg,

d — thickness of legs,

| — moment of inertia,

I —radius of gyration,

Xo, Yo — distances from the centroid to the

back of the legs.
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Desig- B b |d Axes Mass
nation Area,| X—-X Y-Y — X0 | Yo per
(num- mm cm?’ Iy iy Iy iy lymin |1 min tan meter,
ber) 3 ) 3 ) 4 »| ecm | cm kg
cm’' | cm | cm’ | cm | cm cm
1 2 3 14 5 6 7 8 9 10 11 |12 |13 ] 14 15
2,516 25|16 | 3 |1,16 0,70 |0,78 | 0,22 |0,44| 0,13 | 0,34 |0,42/0,86|0,392| 0,91
322 |32 20| 3 |1,49|1,52|1,01| 0,46 |0,55| 0,28 | 0,43 |0,49|1,08|0,382| 1,17
4 1194 193|1,00| 0,57 [0,54| 0,35 | 0,43 [0,53/1,12]0,374| 1,52
4/25 140 | 25 | 3 |1,89]3,06|1,27| 0,93 |0,70| 0,56 | 0,54 [0,59(1,32|0,385| 1,48
4 12471393 |1,26| 1,18 [0,69| 0,71 | 0,54 [0,63|1,37|0,381| 1,94
4,5/2,8| 45 | 28 | 3 |2,14|4,41|1,43| 1,32 |10,79| 0,79 | 0,61 |0,64|1,47/0,382| 1,68
4 1280568 1,42 1,69 [0,78| 1,02 | 0,60 [0,68|1,51|0,379| 2,20
5/32 |50 | 32| 3 |242|6,17|1,60| 1,99 {091 1,18 | 0,70 |0,72|1,60|0,403| 1,90
4 13,17 1798 |1,59| 2,56 [0,90| 1,52 | 0,69 [0,76|1,85]|0,401| 1,49
5,6/3,6| 56 | 36 | 4 |3,58|11,40(1,78| 3,70 |1,02| 2,19 | 0,78 |0,84|1,82|0,406| 2,81
5 14,41 |13,80|1,77 | 4,48 | 1,01 | 2,66 | 0,78 |0,88|1,86|0,404| 3,46
6,3/4,0| 63 | 40 | 4 | 4,04 |16,30|2,01| 5,16 |1,13| 3,07 | 0,87 [0,912,03|0,397| 3,17
5 14,98 19,90(2,00| 6,26 |1,12| 3,72 | 0,86 |0,95|2,08|0,396| 3,91
6 |5,90(23,30/1,99| 7,28 |1,11| 4,36 | 0,86 |0,99|2,12|0,393| 4,63
8 |7,68129,60|1,96| 9,15 |1,09| 5,58 | 0,85 |1,07]2,20(0,386| 6,03
7/4,5 | 70 | 45 | 5 |5,59(27,80|2,23| 9,05 |1,27| 5,34 | 0,98 |1,05(2,28|0,406| 4,39
7,5/5 |75 | 50 | 5 |6,11 (34,80]2,39|12,50|1,43| 7,24 | 1,09 [1,17/2,39|0,436| 4,79
6 |7,25140,90|2,38 | 14,60 | 1,42 | 8,48 | 1,08 [1,21(2,44|0,435| 5,69
8 9,47 (52,40|2,35|18,50 | 1,40| 10,90 | 1,07 |1,29]2,52(0,430| 7,43
85 |80 | 50| 5 |6,36(41,60|2,56| 12,70 | 1,41 | 7,58 | 1,09 |1,13{2,60|0,387| 4,99
6 |7,55149,00|2,55|14,80 1,40 | 8,88 | 1,08 [1,17]2,65]0,386]| 5,92
9/56 | 90 | 56 | 5,5|7,86|653 (2,88 19,7 | 1,58 | 11,8 | 1,22 [1,26(2,92|0,384| 6,17
6,0 | 8,54 | 70,6 | 2,88 | 21,2 | 1,58 | 12,7 | 1,22 |1,28]2,95|0,384| 6,70
8,0 [11,18/ 90,9 |2,85| 27,1 |1,56| 16,3 | 1,21 |1,36|3,04|0,380| 8,77
10/6,3 | 100 | 63 | 6,0 | 9,59 | 98,3 | 3,20 | 30,6 |1,79| 18,2 | 1,38 |1,42|3,23]0,393| 7,53
7,0 [11,10/113,0(3,19| 35,0 | 1,78 | 20,8 | 1,37 |1,46|3,28|0,392| 8,70
8,0 | 12,6 |1127,0/3,18 | 39,2 |1,77| 23,4 | 1,36 |1,50|3,32]0,391| 9,87
10,0(15,50({154,0| 3,15 | 47,1 [1,75| 28,3 | 1,35 |1,58|3,40(0,387| 2,10
11/7 | 110 70 | 6,5 [11,40|142,0|3,53 | 45,6 (2,00 26,9 | 1,53 |1,58|3,55]0,402| 9,98
8,0 [13,90/172,0/3,51 | 54,6 [1,98| 32,3 | 1,52 |1,64|3,61[0,400| 10,90
12,5/8 | 125 | 80 | 7,0 |14,10|227,014,01 | 73,7 {2,29| 43,4 | 1,76 |1,80|4,01|0,407| 11,00
8,0 [16,00/256,0| 4,00 | 83,0 (2,28 | 48,8 | 1,75 |1,84|4,05[0,406| 12,50
10,0(19,70|312,0| 3,98 | 100,0 {2,26 | 59,3 | 1,74 |1,92]4,14/0,404| 15,50
12,0(23,40|365,0|1 3,95 | 117,0 2,24 | 69,5 | 1,72 |2,00(4,22(0,400 18,30
14/9 | 140 | 90 | 8,0 [18,00|364,0| 4,49 | 120,0 (2,58 | 70,3 | 1,98 |2,03]4,49(0,411| 14,10
10,0(22,20|444,0| 4,47 | 146,0 2,56 | 58,5 | 1,96 |2,12]4,58(0,409| 17,50
16/10 | 160 | 100 | 9,0 |22,90|606,0| 5,15 | 186,0 | 2,85| 110,0 | 2,20 |2,23|5,19(0,391| 18,0
10,0(25,30{667,0| 5,13 | 204,0 (2,84 | 121,0 | 2,19 |2,28|5,23(0,390( 19,80
12,0{30,00|784,0| 5,11 | 239,0 [ 2,82 | 142,0 | 2,18 |2,36|5,32/0,388 23,60
14,0(34,70|897,0| 5,09 | 272,0 2,80 | 162,0 | 2,16 |2,43]5,40/0,385|27,30
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1 2 3 4 5 6 7 8 9 10 11 12 | 13 | 14 15
18/11 | 180 {11010,0(28,30(952,0| 5,80 | 276,0 | 3,12 | 165,0 | 2,42 |2,44|5,88|0,375|22,20
12,0(33,70| 1123 | 5,77 | 324,0 | 3,10 | 194,0 | 2,40 |2,52|5,97/0,374 26,40

20/12,51200 | 125| 11 | 34,9 | 1449 | 6,45 | 446 |3,58| 264 | 2,75 |2,79| 6,5 [0,392| 27,4
12 | 37,9 | 1568 | 6,43 | 482 |3,57| 285 | 2,74 |2,83(6,54|0,392| 29,7

14 | 43,9 | 1801 | 6,41 | 551 |3,54| 327 | 2,73 |2,91(6,62|0,390| 34,4

16 | 49,8 12026 |6,38 | 617 |3,52| 367 | 2,72 {2,9916,71|0,388| 39,1

25/16 | 250 [160| 12 | 48,3 [3147|8,07 | 1032 [4,62| 604 | 3,54 |3,53]7,97/0,410| 37,9
16 | 63,6 {4091 | 8,02 | 1333 |4,58| 781 | 3,50 (3,698,14|0,408| 49,9

18 | 71,1 |4545|7,99 | 1475 [ 4,56 | 866 | 3,49 |3,77(8,23|0,407| 55,8

20 | 78,5 14987 17,97 | 1613 14,53 | 949 | 3,48 |3,85|8,31]0,405| 67,7

Geometrical properties of

channel sections
(C shapes) (AISC)

FeomeTpuyeckne xapakre-
PUCTUKM LUBENMepHbIX ce-
yeHun (ctaHpapt Amepwu-
KaHCKoro MHCTUTYTa
CTanbHbIX KOHCTPYKLWN)

FeomMeTpuUYHiI XapakTepu-
CTUKM LWBENEepHUX nepepi-
3iB (ctaHgapt AMepuKaH-
CbKOro iHCTUTYTY CTarnbHUX
KOHCTPYKL,ii)

2
<C
T
Notes: Axes 1-1 and 2-2 are principal centroidal axes.
The distance ¢ is measured from the centroid to the back of
1 c 1 the web.
For axis 2-2, the tabulated value of W 1s the smaller of the
two section moduli for this axis.
—
)
2
Flange Axis 1-1 Axis 2-2
Weight Web Aver-
Deslgna- per |Area|Depth| thick- Widt| 2€¢ | W | W i o
tion foot ness thick-
ness
b [in?|in. | in. | in | in. |in*|in’ | in | in® | in? | in. | in
1 2 3 4 5 6 7 8 9 10 11 12 13 14
C15x50 | 50.0 [14.7]15.00( 0.716 [3.716]/0.650 | 404 |53.8(5.24| 11.0 | 3.78 [ 0.867 |0.798
C15x40 ] 40.0 [11.8]15.00] 0.520 |3.520[0.650( 349 |46.5|5.44| 9.23 | 3.37 [0.886|0.777
C15%x33.9( 33.9 [9.96|15.00( 0.400 [3.400|0.650| 315 (42.0(5.62| 8.13 | 3.11 [ 0.904 |0.787
C12x30 | 30.0 [8.82]12.00( 0.510 [3.170/0.501| 162 {27.0(4.29| 5.14 | 2.06 | 0.763 |0.674
Cl12x25 25 [7.35112.00] 0.387 |3.047[0.501 | 144 |24.114.43| 4.47 | 1.88 [0.78010.674
C12x207| 20.7 [6.09112.00( 0.282 (2.942|0.501 | 129 [21.5(4.61| 3.88 | 1.73 [0.799 |0.698
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1 [ 23747 5 [Je ] 7 [s8]oJw]i11]12] 13714
C10x30 | 30.0 |8.82]10.00 0.673 [3.033|0.436| 103 [20.7|3.42| 3.94 | 1.65 |0.669 |0.649
Cl10x25 | 25 |7.35|10.00( 0.520 |2.886|0.436(91.2|18.2|3.52| 3.36 | 1.48 |0.676|0.617

C 10 x20 | 20.0 |5.88(10.00( 0.379 |2.739|0.436 |78.9|15.8|3.66| 2.81 | 1.32 |0.692|0.606
C10x153| 15.3 {4.49(10.00| 0.240 {2.600{0.436 |67.4|13.5|3.87| 2.28 | 1.16 |0.713 |0.634

C8x18.75|18.75|5.51|8.00 | 0.487 {2.527/0.390|44.0(11.0{2.82| 1.98 | 1.01 [0.599|0.565
C8x13.75(13.75|4.04| 8.00 | 0.303 |2.343/0.390{36.1|9.03|2.99| 1.53 |0.854|0.615|0.553
C8x11.5 | 11.5 13.38|8.00 | 0.220 {2.260{0.390|32.6|8.14|3.11| 1.32 [0.781|0.625|0.571

Co6x13 | 13.0 [3.83|6.00| 0.437 (2.157|/0.343|17.4(5.80{2.13| 1.05 |0.642|0.525|0.514
C6x10.5(10.5 {3.09]|6.00| 0.314 {2.034{0.343|15.2|5.06|2.22{0.866 | 0.564 | 0.529 |0.499
C6x82 | 82 [2.40|6.00( 0.200 {1.920(0.343 |13.1|4.38|2.34(0.6930.492|0.537|0.511

C4x725|725(2.13|4.00| 0.321 {1.721{0.296 |4.59|2.29|1.47{0.433 |0.343 | 0.450 |0.459
C4x54 | 54 |1.59]4.00 0.184 {1.584|0.296 [3.85[1.93|1.56]0.319|0.283|0.449 {0.457

Geometrical properties of [eomeTpunuyeckume xapaktepu- FeoMeTpUYHi XapaKTepucTu-
channel sections (C shapes) cTuKM WBennepHbIX CE4EHUA KU LUBEJNIePHUX nepepisiB
(GOST 8240-72) (FOCT 8240-72) (OepxcTtanpapt 8240-72)

yl Xo Y ,

Ty h — height of a beam,

b — width of a flange,

;\ R|! s — thickness of a web,
s t — average thickness of a flange,
hl . W — sectional modulus,
C I —radius of gyration,
Sy — first moment of area,
| — moment of inertia,
| — Xo — distance from the centroid to the back of the web.
Y
M . b _
Designa-| Dimensions, mm _ ) Weight
thIl Area, IX) WX, I)(, SX) Iy) Wy s Iy’ XO, per
(num' h b S t sz Cm4 Cm3 cm Cm3 Cm4 Cm3 cm cm meter,
ber) kg
1 213 14| 5 6 7 8 9 10 | 11 | 12 13 14 15

5 [50[32(44]70] 6,16 | 22,8 [ 9,1 [1,92]5,59|5,61(2,75(0,9541,16] 4,84
6,5 |65|36|44]72] 751 | 48,6 |15,0/2,54| 9,0 | 8,7 |3,68| 1,08 [1,24| 5,90
8 80404574 898 | 89,4 [22.4]3,1613,3|12,8(4,75| 1,19 |1,31] 7,05
10 100 46 |4,5| 7,6 | 10,9 | 174 |34,8|3,99(20,4|20,4|6,46| 1,37 |1,44| 8,59
12 12052 |4,8] 7,8 | 13,3 | 304 |50,6|4,78(29,6|31,2(8,52| 1,53 |1,54| 10,4




Chapter 4 GEOMETRICAL PROPERTIES OF PLANE AREAS

73

(finished)

1 213145 6 7 8 9 10 | 11 | 12 13 14 15
14 140| 58 |4,9] 8,1 15,6 491 |70,2|5,60(40,8/45,4/11,0( 1,70 |1,67| 12,3
14a [140| 62 (49 8,7 | 17,0 545 |77,8(5,66(45,1|57,5|13,3| 1,84 |1,87| 13,3
16 160 64 |5,0]1 8,4 | 18,1 747 193,416,42(54,1/63,3|13,8| 1,87 |1,80| 14,2
16a |160| 68 |5,01 9,0 | 19,5 823 1103 16,49(59,4|78,8/16,4| 2,01 (2,00| 15,3
18 180| 70 |5,1] 8,7 | 20,7 | 1090 | 121 |7,24169,8| 86 |17,0| 2,04 |1,94| 16,3
18a [180| 74 (5,119,3 | 22,2 | 1190 [1327,32|76,1|105(20,0| 2,18 {2,13| 17,4
20 200| 76 {5,219,0 | 23,4 | 1520 |1528,07(87,8|113|20,5| 2,20 |2,07| 18,4
20a (200| 80 (5,21 9,7 25,2 | 1670|167 |8,15(95,9/139|24,2| 2,35 |2,28| 19,8
22 1220 82 (5419,5| 26,7 |2110]192(8,89|110 151 (25,1|2,37 |2,21| 21,0
22a |220| 87 [5,4110,2| 28,8 | 2330 [212(8,99|121 |187|30,0| 2,55 |2,46| 22,6
24 1240|190 [5,6/10,0] 30,6 | 2900 |242|9,73|139|208 |31,6| 2,60 |2,42| 24,0
24a (240|195 [5,6(10,7| 32,9 | 3180 |265(9,84|151|254|37,2| 2,78 |2,67| 25,8
27 1270195 16,0{10,5| 35,2 | 4160 |308(10,9|178 262 (37,3|2,73 |2,47| 27,7
30 (300({100(6,5|11,0f 40,5 | 5810 |387(12,0|224|327|43,6| 2,84 (2,52| 31,8
33 330{105|7,0{11,7| 46,5 | 7980 |484 |13,1|281 (410 |51,8| 2,97 |2,59| 36,5
36 |360(110(7,5/12,6] 53,4 |10820|601 [14,2(350|513 |61,7| 3,10 |2,68| 41,9
40 |400(115(8,0(13,5| 61,5 [15220|761|15,7(444|642|73,4| 3,26 |2,75| 48,3
Geometrical properties of S FeomeTpnyeckne xapakre- FeomeTpuyuHi xapaktepuc-

shapes (l-beam sections) PUCTUKN ABYTaBpPOBbIX TUKN ABOTaBpPOBUX nepepi-
(AISC) ceyeHun (ctaHpapt Awme- 3iB (ctaHpgapT AMepuKaH-
pUKaHcKoro MHCTUTYTa CbKOrO iHCTUTYTY CTanbHUX
5 CTaNbHbIX KOHCTPYKLIUN) KOHCTPYKLiN)
N—_ | S
Note: Axes 1-1 and 2-2 are principal centroidal axes.
1 1
C
Y D—
2 . .
§ . Flange Axis 1-1 Axis 2-2
= < = o 3 o Z
= L o, ) = o0 o
Designation = < R | B —E’ S | §E| | W | i I W i
0 S| = > .2
= = < E
b in. in. n. in. n. in |in?|in. | in® | in? | in
2 3 4 5 6 7 8 9 | 10| 11 12 13
S 24 x 100 100 | 29.3 {24.00(0.745|7.245]0.870|2390| 199 |19.02| 47.7 | 13.2 | 1.27
S 24 x 80 80 | 23.5 {24.00|0.500|7.000({0.870|2100| 17519.47| 42.2 | 12.1 | 1.34
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1 2 3 4 5 6 7 8 9 10 11 12 13

S 18 x 70 70 |20.6 |18.00|0.711]6.25110.691| 926 | 103 |6.71| 24.1 | 7.72 | 1.08
S18x54.7 | 54.7 | 16.1 |18.00(0.461|6.001{0.691| 804 [89.4|7.07| 20.8 | 6.94 | 1.14
S 15 x50 50 | 14.7 |15.00|0.550|5.640|0.622| 486 |64.8|5.75| 15.7 | 5.57 | 1.03
S15x429 | 429 | 12.6 |15.00(0.411|5.501(0.622| 447 |59.6|5.95| 14.4 | 5.23 | 1.07
S 12 x 50 50 | 14.7 |12.00|0.687|5.477]|0.659| 305 |50.8|4.55| 15.7 | 5.74 | 1.03
S 12 x 35 35 |10.312.00|0.428]5.078|0.544| 229 |38.2|4.72| 9.87 | 3.89 |0.980
S 10 x 35 35 [ 10.3 {10.00(0.594|4.94410.491| 147 (29.4|3.78| 8.36 | 3.38 [0.901
S10x254 | 254 |7.46(10.00{0.311|4.661|0.491| 124 [24.7|4.07| 6.79 | 2.91 |0.954
S 8 x 23 23 | 6.77 | 8.00 [0.441(4.171(0.426| 64.9 |16.2(3.10| 4.31 | 2.07 {0.798
S8x 184 | 18.4|5.41|8.00(0.271{4.001(0.426|57.6 |14.4|3.26| 3.73 | 1.86 [0.831
S6x17.25 [17.25] 5.07 | 6.00 {0.465|3.565|0.359| 26.3 |8.77(2.28| 2.31 | 1.30 |0.675
S6x12.5 12.5 | 3.67 | 6.00 {0.232(3.332|0.359| 22.1 |7.37(2.45| 1.82 | 1.09 |0.705
S4x9.5 9.5 1279 | 4.00 {0.326(2.796|0.293| 6.79 {3.39(1.56{0.903 {0.646|0.569
S4x7.7 7.7 |2.26 | 4.00 [0.193(2.663[0.293| 6.08 [3.04[1.64|0.764|0.574]0.581

Geometrical properties of S TleomeTpuyeckne xapakrepu-

shapes (l-beam sections) cTUkM AByTaBpPOBbIX CEYEHUN

(GOST 8239-72)

(TOCT 8239-72)

FeomMeTpUYHi XxapakTepucTu-
K1 ABOTaBPOBUX NepepisiB
(OepxcTtaHpapT 8239-72)

J r
h — height of a beam,
I w — b — width of a flange,
s — thickness of a web,
== t —average thickness of a flange,
h| x C X | — axial moment of inertia,
W — sectional modulus,
! I —radius of gyration,
Y Sy — first moment of a half-section.
- b * >
. Dimensions, mm Mass
Desig- - : per
nation Area, cm’ bes | Waes | b | S | Dys ) Wy sy me-
(um- | h | b | s em’ [ em’ | em | em® | em? | em® | em ter
ber) ’
kg
1 2 3 4 6 7 8 9 10 11 12 13 14
10 |100| 55 |4,5| 7,2 12,0 198 |39,714,06/23,0(17,9(6,49|1,22|9,46
12 120 64 (48| 73 14,7 350 | 58,4 (4,88|33,7/27,98,72|1,38| 11,5
14 [140| 73 |49 7,5 17,4 572 | 81,715,73146,8 419 |11,5]1,55| 13,7
16 |160] 81 |5,0] 7,8 | 20,2 873 | 109 [6,57| 62, | 58,6 14,5]1,70] 15,9
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1 2 3 4 5 6 7 8 9 10 11 12 13 14
18 180 90 (5,1 8,1 23,4 1290 | 143 | 7,42 81,4 | 82,6 |18,4|1,88| 18,4
18a |180|100|5,1| 8,3 25,4 1430 | 159 [7,51|89,8 | 114 |22,8(2,12| 19,9
20 2001100(5,2| 8.4 26,8 1840 | 184 8,28 | 104 | 115 |23,1|2,07| 21,0
20a |200|110|5,2| 8,6 28,9 2030 | 203 |8,37| 114 | 155 |28,2|2,32| 22,7
22 2201110(5,4| 54 30,6 2550 | 232 |9,13| 131 | 157 |28,6|2,27| 24,0
22a |220(120|5/4| 8,9 32,8 | 2790 | 254 |9,22| 143 | 206 |34,3|2,50]| 25,8
24 240115(5,6| 9,5 34,8 3460 | 289 [9,97| 163 | 198 |34,5|2,37| 27,3
24a |240|125(5,6| 9,8 37,5 3800 | 317 [10,1| 178 | 260 |41,6 (2,63 (294
27 270112516,0| 9,8 40,2 5010 | 371 [11,2] 210 | 260 [41,5]2,54| 31,5
27a |270]|135|6,0(10,2| 43,2 5500 | 407 |11,3| 229 | 337 |50,0(2,80| 33,9
30 300(135(6,5[10,2| 46,5 7080 | 472 | 12,3 | 268 | 337 |49,9]2,69| 36,5
30a [300|145]6,5|10,7| 49,9 7780 | 518 [12,5] 292 | 436 |60,1(2,95]| 39,2
33 3301140(7,0|11,2| 53,8 9840 | 597 |13,5| 389 | 419 [69,9 (2,79 | 42,2
36 360|145|7,5|12,3 61,9 13380| 743 [14,7| 423 | 519 | 71,1 2,89 48,6
40 400 | 155(8,3|13,0] 72,6 19062 | 953 |16,2| 545 | 667 | 86,1 (3,03| 57,0
45 4501160 9 (142 84,7 |27696|1231 18,1 | 708 | 808 | 101 | 3,09 | 66,5
50 500170 10 | 15,2 100 3972711589(19,9| 919 | 1043 | 123 |3,23| 78,5
55 550180 11 | 16,5 118 3596212035(21,8 1181|1366 151 [3,39| 92,7
60 |600|190| 12 |17,8 138 [76806|2560|23,6|1481|1725| 182 |3,54| 108
Geometrical properties of FeomeTpnyeckme xapak- FeomeTpuYHi xapakTepu-

W shapes (wide-flange sec-

tions) (AISC)

TEPUCTUKN [ABYTaBPOBbIX
LUMPOKOMNOSIOYHbIX ceve-
HUM (ctaHgapt Awmepu-

CTUKM [ABOTaBPOBUX
POKOMNONIMYHUX MNepepisiB
AmMepuKaHChb-

(ctaHpapT

wun-

KaHCKOro MHCTUTYTa KOro iHCTUTYTY CTanbHUX
CTanbHbIX KOHCTPYKLNNA) KOHCTPYKL,ii)
2
l
1 Note: Axes 1-1 and 2-2 are principal centroidal axes.
C
l
2
. Web Flange Axis 1-1 Axis 2-2
Weight . -
) ) Area |Depth | thick- . Thick-
Designation |per foot ness | Width | S r I S r
Ib | in’ | in. | in. | in. | in. | in? |in’ | in. |int|in’ | in,
1 2 3 4 5 6 7 9 |10 | 11 | 12 | 13
W30X211 211 | 62.0 [30.94(0.775|15.105 [ 1.315|10300| 663 | 12.9| 757 | 100 | 3.49
W 30X 132 132 | 38.9 [30.31{0.615|10.545 [ 1.000 | 5770 | 380 [12.2| 196 |37.2| 2.25
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1 2 3 4 5 6 7 8 9 10 | 11 | 12 13
W24 X162 162 | 47.7 |25.000.705(12.955|1.220| 5170 | 414 |{10.4| 443 |68.4| 3.05
W24 X 94 94 27.7 124.3110.515| 9.065 [0.875( 2700 222 [9.87]| 109 |24.0| 1.98
WI18 X 119 119 35.1 [ 18.9710.655]|11.265|1.060| 2190 | 231 [7.90| 253 |44.9]| 2.69
W18 X 71 71 20.8 |1 18.4710.495| 7.635 {0.810| 1170 | 127 {7.50]60.3|15.8| 1.70
W16 X 100 100 294 [16.97 10.585(10.425[0.985( 1490 | 175 |7.10| 186 |35.7| 2.51
W16 X 77 77 22.6 [16.5210.455(110.295(0.760 | 1110 | 134 (7.00| 138 |126.9| 2.47
W16 X 57 57 16.8 | 16.4310.430| 7.120 [0.715| 758 |92.2(6.72(143.1|12.1| 1.60
W16 X 31 31 9.12 | 15.88 [0.275| 5.525 (0.440| 375 |47.2|16.41(12.414.49]| 1.17
W14 X 120 120 353 | 14.48 10.590| 14.67010.940 | 1380 | 190 |1 6.24| 495 |67.5| 3.74
W14 X 82 82 24.1 1 14.3110.510(10.130 [{0.855| 882 | 123 (6.05]| 148 129.3| 2.48
W 14 X 53 53 15.6 | 13.9210.370| 8.060 [0.660| 541 |77.8(5.89(57.7|14.3] 1.92
W14 X 26 26 7.69 | 13.91]0.255| 5.025 [0.420| 245 [35.3(5.65]|8.91|3.54| 1.08
W12 X 87 87 25.6 112.5310.515(12.125({0.810| 740 | 118 [5.38|241|39.7| 3.07
W12 X 50 50 14.7 1 12.1910.370| 8.080 [0.640| 394 |64.7(5.18(56.3|13.9]| 1.96
W12 X 35 35 10.3 | 12.5010.300| 6.560 |0.520| 285 [(45.615.25|24.5|7.47| 1.54
Wi12X 14 14 416 | 11.9110.200| 3.970 | 0.225| 88.6 {14.9]14.62|2.36|1.19(0.753
W 10 X 60 60 17.6 | 10.2210.420| 10.080 [ 0.680| 341 |66.7(4.39(116|23.0| 2.57
W10 X 45 45 13.3 | 10.10]0.350| 8.020 [0.620| 248 [49.1(4.32|53.4|13.3| 2.01
W10 X 30 30 8.84 [ 10.47 [{0.300| 5.810 |0.510| 170 |32.4|4.38|16.7|5.75| 1.37
W10X 12 12 354 | 9.87 [0.190| 3.960 [0.210| 53.8 |10.9(3.90(2.18|1.10]0.785

W8 X35 35 10.3 | 8.12 |0.310| 8.020 [0.495| 127 |31.2]|3.51|42.6(10.6( 2.03

W8 X 28 28 8.25 | 8.06 [0.285] 6.535 |0.465| 98.0 [24.3(3.45|21.7[6.63| 1.62

W8 X 21 21 6.16 | 8.28 |0.250 | 5.270 [0.400| 75.3 |18.2(3.49(9.77|3.71| 1.26

W8 X 15 15 444 | 8.11 [0.245| 4.015 [0.315| 48.0 [11.8{3.29|3.41|1.70]0.876

Polar moment of inertia of a MonsipHbIN MOMEHT WHep- MonAapHUMA MOMEHT iHepuil

circle UMM Kpyra (Kpyrnoro ce- Kpyra (kpyrnoro nepepisy)
yeHwus)

To illustrate the determination of po-
lar moments of inertia and the use of the par-
allel-axis theorem, we’ll consider a circle of
radius r. Let us take a differential element of
area dA in the form of a thin ring of radius p
and thickness dp (thus, dA=27zpdp). Since
every point in the element is at the same dis-
tance p from the center of the circle, the po-
lar moment of inertia of the circle with re-
spect to the center is:

2in a3, ar?
(|p)C:jpdA=j27zpdp=T.
0

A circle
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The polar moment of inertia of the circle with respect to any point B on its circum-
ference (see figure) can be obtained from the parallel-axis theorem:

3ar?

2

Note: The polar moment of inertia has its smallest value when the reference point is
the centroid of the area.

2 ar? 2,.2
(Ip)B:(Ip)C+Aa =T+7zr (ro)=

Product of inertia of a LleHTpoGeXHbIN MOMEHT BigueHTpOoBMA MOMEHT
rectangle MHepUUU NPAMOYrofibHUKa iHepuil NPAMOKYTHMKA
Vi ok Using the parallel-axis theorem, let us determine the

] product of inertia of a rectangle with respect to X, y axes
having their origin at point O at the lower left-hand corner
of the rectangle (see figure). The product of inertia with
respect to the centroidal X., Y. axes is zero because of

= |/ . S
C e symmetry. Also, the coordinates of the centroid with re-
spect to the Xy axes are:
h b
Y di=+—; dy=+—.
Ol b B x 2 2
h _ 3 Substituting into parallel-axis theorem equation, we
Parallel-axis theorem for prod- .
s obtain:
ucts of inertia. X;, Yo — cen- X ] 022
tral axes — — — ==
Ixy = Ixy, +Adid; —O+bh(+ 2)(+2j—+ Y

This product of inertia is positive because the entire area lies in the first quadrant. If
the Xy axes are translated horizontally so that the origin moves to point B at the lower right-
hand corner of the rectangle, the entire area lies in the second quadrant and the product of

inertia becomes — b2h%/4 |

Product of inertia of a LleHTpOoOeXHbI MOMEHT BigueHTpoBUA MOMEHT
right triangle MHepuMuM nNpsAMOYronb- iHepuil  NpPsAIMOKYTHOro
HOro TpeyronbHuKa TPUKYTHUKA

A right triangle with base b and height h is shown in figure. Let’s determine the
product of inertia |y, with respect to the Xy axes having their origin O at the 90° vertex of

the triangle, and the product of inertia Iy y with respect to the centroidal axes X¢, Y.

1. Product of inertia with respect to the x, y axes. We will use the method of inte-
gration to evaluate this product of inertia. We begin by considering a differential element of
area dA (see figure) in the form of a thin, horizontal strip of height dy and width equal to

b(x) = (M= Y0P ‘hy)b .

The area of this elemental strip is



78 Chapter 4 GEOMETRICAL PROPERTIES OF PLANE AREAS

da= =0y

and the coordinates of its centroid with respect to the X, y axes are known. The product of

inertia of the strip with respect to axes through its own centroid and parallel to the X, y
axes is zero (from symmetry). Therefore, its product of inertia dlyy, with respect to the X,

y axes (from the parallel-axis theorem) is:

_ _|(h—y)b (h—-yb|_p% . 2
dIXy—0+dAd1d2—[ H dy |y h —2h2(h y)“ydy.

The product of inertia |y of the entire triangle

y‘\‘a’h 1s obtained by integration:
= | AVe h
A 2 2K2
d _ _b 2 vdy _ b~h
| da ¢y Ixy_jdlxy_2h2 (j)(h y)*ydy =20
n 1 \ 1 Note: The entire area lies in the first quadrant,
dl| 4 & > y and therefore the product of inertia is positive.
3 % \ 2. Product of inertia with respect to the x., Y.
< > X
1Y ' > axes. The product of inertia with respect to axes
0 b | ; :
= = through the centroid may be determined from the paral-
Products of inertia of a triangle lel-axis theorem:
AR 2 ) e
XcYe o XY 33 24 2 373 72 °

in which h/3 and b/3 are the coordinates of point C with respect to the X, y axes. Since

most of the area is located in the second and fourth quadrants, the product of inertia turns
out to be negative.

Product of inertia of a Z- LleHTpOoGeXHbIN MOMEHT BigueHTpoBUA MOMEHT
section MHepUum Z-o6pas3Horo iHepuil Z-nopibHoro ne-
ceyeHus pepi3sy
VA Determine the product of inertia Iy y of the

t
l < - Z-section shown in figure. The section has width b,
1 height h, and thickness t.
T p h To obtain the product of inertia with respect
1 5 to the x, y axes through the centroid, we divide the
area into three parts and use the parallel-axis theo-
.~ rem. The parts are as follows: (1) a rectangle of

-

>

//A3 Ye width b—t and thickness t in the upper flange, (2) a
4 4, 7 <L h  similar rectangle in the lower flange, and (3) a web
I 2 rectangle with height h and thickness t.

1

The product of inertia of the web rectangle
T B b N with respect to the X, y axes is zero (from symme-

try). The product of inertia (I Xy )1 of the upper flange

A Z-section
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rectangle (with respect to the X, Y. axes) is determined by using the parallel-axis theo-
rem:

(Ixy)1 = Ix.y, +Adids,
in which IXc Ve is the product of inertia of the rectangle with respect to its own centroid, A
is the area of the rectangle, d; is the x coordinate of the centroid of the rectangle, and d is
the y coordinate of the centroid of the rectangle. Thus,

h t b
I =0, A=b-tt, d==——, dy=—;
XcYe ( ) 1 ) 2 5
and the product of inertia of the upper flange rectangle is
h t)b) bt
I =1 +Adidy, =0+t(b-t) ——= || = |=—(h-t)(b-1).
(xy)l XeYe 142 ( )(2 2)(2j 4( X )

The product of inertia of the lower flange rectangle is the same. Therefore, the prod-
uct of inertia of the entire Z-section is twice (I Xy )1 , Or

Ixyz%(h—t)(b—t).

Note: This product of inertia is positive because the flanges lie in the first and third
quadrants.



angle section with equal legs (syn. L shape,
equal-leg angle section), 29

angle section with unequal legs, 29

area (of a plane figure), 5

axial moment of inertia (of a plane area) (syn.
second moment (of a plane area), geo-
metric(al) moment (of a plane area), mo-
ment of inertia (of a plane area)), 5

axial moment of inertia of a composite area, 6

axial moment of inertia of a parabolic
semisegment, 52

axis of symmetry, 7

bulb angle, 29

C shape (see channel section), 29

center of area (see centroid), 8

center of figure (see centroid), 8

central axes (see centroidal axes), 8

centroid (syn. center of area, center of
figure), 8

centroid of a circular sector, 43

centroid of a circular segment, 43

centroid of a composite area, 44

centroid of a isosceles triangle, 45

centroid of a parabolic semisegment, 45

centroid of a parabolic spandrel, 47

centroid of a quarter circle, 47

centroid of a quarter-circular spandrel, 48

centroid of a rectangle, 48

centroid of a right triangle, 49

centroid of a semicircle, 49

centroid of a semisegment of n th degree, 49

centroid of a sine wave, 50

centroid of a spandrel of n th degree, 50

centroid of a thin circular arc, 50

centroid of a trapezoid, 51

centroid of a triangle, 51

centroid of an arbitrary area, 51

Index

centroidal (central) axial moment of inertia of
a rectangle, 53

centroidal (central) moments of inertia of a
straight triangle, 53

centroidal (syn. central) axes, 8

centroidal axes of right triangle, 9

centroidal axial moments of inertia of a para-
bolic semisegment, 55

channel section (syn. C shape), 30

circle, 30

circle with core removed, 30

circular sector, 31

circular segment, 31

composite area (cross section), 9

cross section, 10

cross section with one axis of symmetry (see
singly symmetric cross section), 10

doubly symmetric cross section, 11

ellipse, 31

equal-leg angle section (see angle section
with equal legs), 31

equilateral triangle, 32

first moment (of a plane area) (syn. static
moment (of a plane area)), 12
flange, 32

geometric(al) moment (of a plane area) (see
axial moment of inertia (of a plane
area)), 12

geometrical properties of a circle, 55

geometrical properties of a circle with core
removed, 56

geometrical properties of a circular sector, 56

geometrical properties of a circular
segment, 57

geometrical properties of an ellipse, 57
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geometrical properties of an isosceles
triangle, 57

geometrical properties of a parabolic
semisegment (see also axial moment of
inertia of a parabolic semisegment), 58

geometrical properties of a parabolic span-
drel, 58

geometrical properties of a quarter circle, 58

geometrical properties of a quarter-circular
spandrel, 59

geometrical properties of a rectangle (see also
centroidal (central) axial moment of iner-
tia of a rectangle), 59

geometrical properties of a regular polygon
with n sides, 60

geometrical properties of a right triangle (see
also centroidal (central) moments of iner-
tia of a straight triangle), 60

geometrical properties of a semicircle, 61

geometrical properties of a semisegment of
n th degree, 61

geometrical properties of a sine (half-sine)
wave, 62

geometrical properties of a spandrel of n th
degree, 62

geometrical properties of a thin circular
arc, 62

geometrical properties of a thin circular
ring, 63

geometrical properties of a thin rectangle, 63

geometrical properties of a trapezoid, 64

geometrical properties of a triangle, 64

geometrical properties of angle sections with
equal legs (L shapes) (AISC), 65

geometrical properties of angle sections with
equal legs (L shapes) (GOST
8509-72), 66

geometrical properties of angle sections with
unequal legs (L shapes) (AISC), 68

geometrical properties of angle sections with
unequal legs (L shapes) (GOST 8510-
72), 69

geometrical properties of channel sections (C
shapes) (AISC), 71

geometrical properties of channel sections (C
shapes) (GOST 8240-72), 72

geometrical properties of S shapes (I-beam
sections) (AISC), 73

geometrical properties of S shapes (I-beam
sections) (GOST 8239-72), 74

geometrical properties of W shapes (wide-
flange sections) (AISC), 75

hollow box (see thin-walled tube of rectangu-
lar cross section), 32

hollow circular cross section (syn. hollow cir-
cular tube), 32

hollow circular tube (see hollow circular
cross section), 32

hollow square cross section (doubly symmet-
ric), 33

I-beam section (syn. S-shape) (AISC), 33
isosceles right triangle, 33

isosceles trapezoid, 33

isosceles triangle, 34

L shape (see angle section with equal
legs), 34

major axis of ellipse, 34

minor axis of ellipse, 34

moment of inertia (of a plane area) (see axial
moment of inertia (of a plane area)), 12

noncentroidal axes, 12
open cross section, 13

parabolic semisegment, 34

parabolic spandrel, 35

parallel-axis theorem for axial moments of
inertia (syn. Steiner’s theorem), 13

parallel-axis theorem for polar moments of
inertia, 14

parallel-axis theorem for products of inertia
(syn. Steiner’s theorem), 14

polar moment of inertia (of a plane area), 15
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polar moment of inertia of a circle, 76
principal axis (of inertia), 16

principal central axes (see principal centroidal

axes), 16
principal central axes for equal-legs angle, 16
principal centroidal axes (syn. principal cen-
tral axes), 18
principal moments of inertia (at a point), 21
principal point, 22
product of inertia, 23
product of inertia of a rectangle, 77
product of inertia of a right triangle, 77
product of inertia of a Z-section, 78

quarter circle, 35

quarter-circular spandrel, 35

radius of gyration, 24

rectangle, 35

regular hexagon, 36

regular hexagon hollow cross section (syn.
regular hexagon tube), 36

regular hexagon tube (see regular hexagon
hollow cross section), 36

regular polygon with n sides, 36

right triangle, 37

sandwich cross section, 24

second moment (of a plane area) (see axial
moment of inertia (of a plane area)), 25

section(al) modulus (of the cross section), 25

section(al) modulus of torsion, 26

semicircle, 37

semisegment of n th degree, 37

sign conventions for a product of inertia, 27

sine wave, 37

singly symmetric cross section (syn. cross
section with one axis of symmetry), 27

spandrel of n th degree, 38

square chimney, 38

square cross section, square, 38

square tubular cross section, 38

S-shape (see I-beam section), 39

static moment (of a plane area) (see first mo-
ment (of a plane area)), 28

Steiner's theorem (see parallel-axis theorem
for axial moments of inertia, parallel axis
theorem for polar moment of inertia, par-
allel axis theorem for product of
inertia), 28

T-beam, 39

thin circular arc, 39

thin circular ring, 39

thin rectangle, 39

thin-walled rectangular tube (see thin-walled
tube of rectangular cross section), 40

thin-walled tube of elliptical cross section, 40

thin-walled tube of rectangular cross section
(syn. hollow box, rectangular tube, thin-
walled rectangular tube), 40

transformation equations for axial moments
and products of inertia, 28

trapezoid, 40

triangle, 41

tube with variable wall thickness, 41

unsymmetric [-beam, 41
W shape (see wide-flange cross section), 41

web, 42
wide-flange cross section (syn. W shape), 42
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OoJIbIIIas OCh JLINIICa, 34
Oyn00BBIN YToJIoK, 29

BTOPOIM MOMEHT (TI0IaH), 25

reOMETPUYECKUE XaPAKTEPUCTUKH JABYTaBPO-
BbIx ceuennid ('OCT 8239-72), 74

reOMETPUYECKUE XaPAKTEPUCTUKH JABYTaBPO-
BBIX CEUEHUH (CTaHAapT AMEPUKaHCKOTO
WHCTUTYTA CTATBbHBIX KOHCTPYKIHIA), 73

reOMETPUYECKUE XaPAKTEPUCTUKH ABYTaBPO-
BBIX IIMPOKOIOJIOUHBIX CEUEHUH (CTaH-
JapT AMEpUKAaHCKOTO MHCTUTYTA CTallb-
HBIX KOHCTPYKITHil), 75

reOMETPUYECKUE XapaKTEPUCTUKH AyTH TOHKO-
r'0 KpyroBoro Kojsla, 62

TEOMETPUUECKHUE XapaKTePUCTUKU Kpyra, 55

reOMETPUYECKUE XaPAKTEPUCTUKH KpyTa C OT-
BEpcTUEM, 56

reOMETPUYECKUE XaPAKTEPUCTUKH KPYTOBOIO
cerMmenTa, 57

reOMETPUYECKUE XaPAKTEPUCTUKHU KPYTOBOIO
cekropa, 56

reOMETPUYECKUE XapaKTEPUCTUKH Tapadosu-
YECKOro MOTyCerMeHTa, 58

reOMETPUYECKUE XaPAKTEPUCTUKH IUIOIIA N,
OTPaHUYCHHOM Mapaboion, 58

reOMETPUYECKUE XaPAKTEPUCTUKH IUIOIIA N,
OrpaHHYCHHOM TTapabosoi N-if creneHu, 62

reOMETPUYECKUE XaPAKTEPUCTUKH IUIOLIA N,
OrpaHUYEHHOW YETBEPTHIO Kpyra, 59

reOMETPUYECKUE XaPAKTEPUCTUKH MOTYBOIHbI
CHUHYCOU/IBI, 62

reOMETPUYECKUE XapaKTEPUCTUKH MOITYKpyTa,
61

reOMETPUYECKUE XAPAKTEPUCTUKH IOy Cer-
MeHTa N-# cTerneHy, 61

reOMETPUYECKUE XaPAKTEPUCTUKH IIPIMO-
YTOJIbHUKA, 59

reOMETPUYECKUE XapaKTEPUCTUKH NPSIMO-
YTOJILHOT'O TPEYyTrojibHUKa, 60

reOMETPUYECKUE XapaKTEPUCTUKH PaBHOOE -
PEHHOT'O TPEYTOJIBHUKA, 57

reOMETPUYECKUE XaPaKTEPUCTUKHU PaBHOCTO-
POHHET0 MHOTOYTOJIbHUKA C N CTOPOHAMH,
60

reOMETPUYECKUE XaPAKTEPUCTUKH CTAIH IIPO-
KAaTHOM YTJIOBOM HEPaBHOMOJIOYHOM
(I'OCT 8510-72), 69

reOMEeTPUYECKUE XapaKTEPUCTUKH CTAIIHU MPO-
KaTHOH yTIJI0BOM HEPAaBHOIIOJIOYHOM (CTaH-
JapT AMEpUKAaHCKOTO MHCTUTYTA CTallb-
HBIX KOHCTPYKIIMIA), 68

reOMETPUYECKUE XapaKTEPUCTUKU CTAIH IPO-
KaTHOW YIVIOBOW PABHOIOJIOYHOM
(I'OCT 8509-72), 66

reOMEeTPUYECKUE XapaKTEPUCTUKH CTaNIHU IPO-
KaTHOW YTJIOBOM PaBHOMOJIOYHOM (CTaH-
JapT AMEpUKaHCKOTO MHCTUTYTA CTalb-
HBIX KOHCTPYKIIHK), 65

reOMETPUYECKUE XaPAKTEPUCTUKH TOHKOTO
KpYroBOI'o Kojblia, 63

reOMETPUYECKUE XapAKTEPUCTUKH TOHKOTO
NpsSIMOYTOJIbHUKA, 63

reOMETPUYECKUE XapaKTEPUCTUKH
Tpanenuu, 64

reOMETPUYECKUE XapaKTEPUCTUKHU TPEYTOJlb-
HHKa, 64

reOMETPUYECKUE XapaKTEPUCTUKU YETBEPTU

Kpyra, 58
reOMETPUYECKUE XaPAKTEPUCTHUKH ILIBEILIIEP-

HeIx ceuenuit ('OCT 8240-72), 72

TrE€OMETPUYECKUE XapAKTEPUCTUKY I1IBEILIEP-
HBIX CEUeHMH (CTaHAApT AMEPUKAHCKOTO
WHCTUTYTA CTAJIbHBIX KOHCTPYKIHUK), 71

FEOMETPUUECKHUE XapaKTePUCTUKU IUIHIICA, 57

TE€OMETPUICCKUN MOMEHT (TUTOIIAIH ), OCEBOM
MOMEHT MHEpIHH (Tutomanu), 12

reOMETPUYECKUI LIEHTp TUIOMIAAH, ICHTP Ts-
JKECTH IIIoImaau, 8

T€OMETPUIECKUI LIEHTP (PUTYPBI, IIEHTP TsKE-
ctu Qurypsl, 8

rJIaBHas oChb (MHEepLun), 16

IJIaBHbIE MOMEHTHI HHEPIMH (B TOUKeE), 21

TJIaBHBIE IICHTpaJIbHBIE OCcH, 16, 18

TJIaBHBIC IICHTPAJILHBIE OCH CTAIA TIPOKATHOM
YIJIOBOM PaBHOIMOJIOYHOM, 16

JIByTaBpPOBOE MOMEPEUHOE ceueHHe (Ipo-
Kar), 39

JIBYyTaBpPOBOE MOMNEPEYHOE ceueHHe (IIPOKaT)
(AMepUKaHCKMI MHCTUTYT CTAIbHBIX KOH-
CTpyKumii), 33

JIBYTaBpOBOE IIMPOKOTIOJIOYHOE MONIEPEUHOE
ceucHue, 41

JIBYTaBPOBOE IIMPOKOIIOJIOYHOE MONIEPEUHOE
ceyeHue (MMOCTOSTHHON TOJIIUHBI 10-
JI0K), 42
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KBaJIpaT C KPYTrOBBIM BBIPE30M, 38

KBaJJpaTHOE NIONIEPEUHOE CEUEHUE, KBaIparT, 38

KBaJIpaTHOE TPyOUaToe MornepeyHoe ceye-
HHe, 38

KOpoOYaToe ceueHne, TOHKOCTECHHAsI TpyOa
NPSMOYTOJIHOTO ceueHus, 32

KpyT, 30

KpYT C [IEHTPaJIbHBIM OTBEpCcTHEM, 30

KpYyTOBOI1 CerMeHT, 31

KpYyroBoO# cektop, 31

Masast och dJUInICca, 34

MOMEHT UHepIHH (Ttomanu), 12

MOMEHT COTPOTUBJICHUS (TIONIEPEYHOro ceve-
HUs), 25

HECUMMETPHYHBIN (Pa3HOIIOJIOYHBIN) IBYTaBD,
41
HELEHTpaJIbHbIE OCH, 12

0CEBOM MOMEHT MHEPIUH (TIOIIA M) (CHH.
BTOPOI MOMEHT (TUIOIIA M ), TeOMETpUIe-
CKUM MOMEHT (TUTOIAAN)), 5

0CEBOW MOMEHT MHEPIIUH NTapabOoINUECKOro
MOJTyCeTrMeHTa, 52

0CEBOIl MOMEHT MHEPIIH COCTABHOM TUIOIIAIH,
6

OCbh CUMMETpPHH, 7

OTKPBITOE MONIEPEUHOE CEUCHNE, HE3AMKHYTOE
MoTepevHoe ceuenue, 13

napaboINYeCcKUi MOTyCerMEHT, MOTyCErMEHT
napabosbl, 34

MEPBbII MOMEHT (TLIOLIA/IN ), CTATUYECKUIA MO-
MeHT (Tutommazam), 12

TUIOMA/Ib (TUIOCKOH pUrypsI), 5

IUIOILA/1b, OTPaHUYEHHAs 1apadoIIoil N-ii cTe-
reny, 38

IUIOIA/1b, OTPAHUYEHHAs TapaboIoii, OoA-
CBOJIHOE MTPOCTPAHCTBO MapadoIbl, “mapa-
OONMYECKUI TPEYTONBbHUK’, 35

TUIOIA/Ib, OTPAHUYEHHASI YETBEPTHIO KPyTa,
MOZICBOJTHOE TIPOCTPAHCTBO YETBEPTH KPY-
ra, 35

oJiast KpyroBasi TpyOa, TpyOdaToe mornepeyHoe
ceuecHue, 32

T10JI0€ KBaJpaTHOE MOIEPEYHOe ceYeHue, 33

(mosy )BOJTHA CHHYCOUIBI, 37

OIyKpYT, 37
MOJTyCErMEHT N-ii ctenenu, 37

HOJIPHBIA MOMEHT MHepIMy (TUIommaan), 15

TIOJIIPHBIA MOMEHT MHEPIIMHU KpyTa (KpyTJIoro
cedeHus), 76

MOJISIPHBINA MOMEHT COIIPOTHUBIIEHNUS, 26

rorepevyHoe ceuenue, 10

TMIOTIEPEYHOE CEYEHHE C IByMS OCSIMHU CHMMET-
pun, 11

MONIEPEYHOE CEYEHHE C OHON OCBIO CHMMET-
puu, 10, 27

T05IC, ToJIKa (OaJIKK IBYTaBPOBOI'O MOIEPEUHO-
ro ceueHwus), 32

MPaBHJIO 3HAKOB JUIS [IEHTPOOEKHOTO MOMEHTA
uHepuuu, 27

npsMOYToJIbHas TpyOa (Tpy0a mpsMOyTroIbHO-
ro ceuenws), 40

MPSMOYTOJIbHUK, 35

MPSAMOYTOJILHBIA TPEYTOJIBHUK, 37

paBHOOEIPEHHBIN MTPSIMOYTOJIBLHBINA TPEYTOITh-
HUK, 33

paBHOOEIPEHHBIN TPEYTOIBHUK, 34

paBHOOOKast Tparerus, 33

PaBHOCTOPOHHEE LIECTHYTOIbHOE TpyOUaToe
MIONIEPEYHOE CEYEHUE, 36

PaBHOCTOPOHHHI MHOTOYTOJIBHUK C N CTOPO-
Hamu, 36

PAaBHOCTOPOHHUI TPEYTOIBHUK, 32

PaBHOCTOPOHHUI IIECTUYTOIBHUK, 36

paauyc uHepuuu, 24

COCTaBHas IUIOIA (b (TONEepevHoe CeueHue), 9

COCTaBHOE MHOT'OCJIOWHOE MONEePEYHOE ceue-
Hue, 24

cTasib ropsuekatanas. LlBemneps! (CHH. mBe-
JIEpHOE ceueHue, mBesiep), 29-30

CTaJIb TIPOKATHAS YTIIOBas HEPABHOMOJIOYHAS
(cuH. HEpaBHOOOKOE YTOJIKOBOE CEUCHUE,
YTOJIOK HEpaBHOOOKHIT), 29

CTaJIb NIPOKATHAs YIJI0Basl PaBHOIMOJIOY-
Hag,31,34

CTaJIb NIPOKaTHas YIJI0Basi PAaBHOMOJIOYHAS
(cuH. paBHOOOKOE YTOJIKOBOE cedeHue), 29

CTaTUYECKUI MOMEHT (TUTOIAN), 28

Creiinepa Teopema, 28

CTEHKa (TOHKOCTEHHOT'O TIONIEPEYHOT0 CEUCHHS,
Harp. AByTaBpa), 42

TaBpOBOE CE€UYCHHUE, TaBp, 39

TeopeMa O MapajuIeIbHOM IepPeHoCce OceH, Teo-
peMa 00 0CEeBBIX MOMEHTAX MHEPIIHU OT-
HOCHTEITBHO OCEH, MapauIeIbHBIX HCXO/I-
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HBIM LEHTPAJIbHBIM, 13

TeopeMa O MOJIIPHOM MOMEHTE MHEPLIUU TIPU
napajuieIbHOM NIepeHoce oceil, 14

TEeopeMa O IIEHTPOOEIKHBIX MOMEHTAX HHEPLIUU
OTHOCHTEJIBHO Taphl OCEH, apaIeIbHBIX
WCXO/IHBIM LIEHTPaIbHbBIM, 14

TOHKas ayra kpyra, 39

TOHKUU TIPSIMOYTOJIBHUK, 39

TOHKOE KPYroBO€ KOJIbLIO, 39

TOHKOCTEHHasi TpyOa MpsSIMOYTOJILHOTO ceue-
Hus, 40

TOHKOCTEHHAsI TPyOa AIUTUITHYECKOTO TOTIe-
peuHoro ceuenus, 40

TOUYKA-HAyaJIo I1aBHBIX OCEH MHEpIHH, 22

Tpanenus, 40

TPEYyroJbHUK, 41

TpyOa ¢ IEpEMEHHOM TOJIIIMHON CTEHKH, 41

TpyOuaToe mornepeyHoe ceueHue, 32

ypaBHEHHs ISl PpeoOpa3oBaHMs OCEBBIX U
HEHTPOOESKHOTO MOMEHTOB UHEPIIMH TIPH
IIOBOPOTE OCEH, 28

LEHTp “TsKecTH’ (T0JTy )BOJIHBI CHHYCA, T€0-
METPUYECKUI LIEHTP (I10JTy )BOJIHBI CHHYCA,
50

LEHTP “TSHKECTH Ty TOHKOTO KPYTrOBOTO
KOJIbI[a, TEOMETPHUUECKHIA IIEHTP TyTH TOH-
KOT'0 KpyroBoro KoJjsla, 50

LEHTP “TSYKECTU KPYrOBOT'O CEIrMEHTA, T€0-
METPHUYECKHI IIEHTP KPyrOBOTO CETMEHTA,
43

LEHTP “TSDKECTU’ KPYTOBOI'O CEKTOpA, TEOMET-
PUUYECKHI LIEHTP KPyroBOro ceKTopa, 43

HEHTP “TSDKECTH MapabOoIMIeCKOro TOTyCer-
MEHTa, TEOMETPUUYECKUI LIEHTP apadoITH-
YECKOro MOIyCEerMeHTa, 45

LEHTP “TSECTH’ TIOLIAAH, OTPAHMYEHHON
mapaboJsIoi N-i CTETIeH!, TEOMETPUICCKUN
LEHTP TUIOIIA/IM, OTPAaHIMYCHHOM TTapado-
JIOH N-#i crerienn, S50

LEHTP “TSHKECTU TUIOLIAAN, OTPaHUYEHHON
napaboIoii, FreOMETPHYECKUM LIEHTP ILIO0-
I1a]T1, OTPAaHUYECHHOM Mapadoioi, 47

LEHTP “TSHKECTU TUIOIIAIN, OTPAaHIHYEHHON
YETBEPTHIO KpyTra, TEOMETPHUUECKHUNA LICHTP
IUIOIA/IM, OTPAaHUYEHHON YETBEPTHIO KPY-
ra, 48

LEHTP “TSHKECTH’ MOIYKPYTra, FCOMETPUUECKHI

LEHTp NoIyKpyra, 49

LEHTp “TSKECTH TOITyCErMeHTa N-ii CTEeneHH,
reOMETPUYECKUN LICHTP IOJIyCEerMeHTa N-i
crereHu, 49

LEHTP “TSKECTU MPOU3BOJIBHOM TUIOIIAIHN,
reOMETPUYECKUN LIEHTP MTPOU3BOJIEHON
romaaa, 51

LEHTP “TSKECTH MPSAMOYTOJIbHUKA, TE€OMET-
PUYECKUH LIEHTP NpSIMOYTOJIbHUKA, 48

LEHTP “TAAKECTH MPSAMOYTOJIBLHOTO TPEYTOJIb-
HUKA, TEOMETPUYECKUN LICHTP MPsMO-
YTOJIBHOTO TPEYTOJIbHUKA, 49

LEHTP “TSDKECTH paBHOOEIPEHHOTO TPEYTOIb-
HHKa, TEOMETPHUYECKHUI1 IEHTP paBHOOE -
PEHHOTO TPEYTOJIbHUKA, 45

LEHTP “TSHKECTU” COCTABHOTO CEYCHUS, T€0-
METPUYECKHUI IIEHTP COCTaBHOT'O CEUYEHMUS,
44

LEHTP “TSKECTH Tpamneluu, TeOMETPUIECKUN
LEHTp Tpaneuuu, 51

LEHTP “TSKECTU” TPEYrOJIbHHUKA, TEOMETPHYE-
CKUH LIGHTP TPEyToJIbHUKA, 51

LEHTP “TSDKECTU YETBEPTH KPYra, FTEOMETPH-
YECKUI LIEHTpP YETBEPTH Kpyra, 47

LIEHTPAJIbHBIE OCEBBIE MOMEHTHI MHEPLIUH T1a-
paboIMYECKOTro MOTyCerMeHTa, 55

LIEHTPAJIbHbIE OCEBbIE MOMEHTBI MHEPLIUH TS
MOYTOJILHOTO TPEYTOJIbHUKA, 53

LEHTPAJIbHBIE OCH, 8

LEHTPAJIbHBIE OCHU MIPSIMOYTOJIBHOTO TPEYTOJIb-
HHKa, 9

LIEHTPAJIbHBIA OCEBON MOMEHT MHEPLIMH TIps-
MOYTOJIbHHKA, 53

[IEHTPOOCKHBII MOMEHT MHEPLIUH, 23

LEHTPOOEKHBI MOMEHT MHEPIHH Z-00pa3HOTro
ceueHus, 78

LEHTPOOEKHBII MOMEHT UHEPLIUH NIPSIMO-
YTOJIbHUKA, 77

LEHTPOOEKHBIH MOMEHT UHEPLIMH MPSIMO-
YTOJIBHOTO TPEYTrOJIbHUKA, 77

YeTBEepTh Kpyra, 35

auwnc, 31
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Oynb00BUH KyTHK, 29

BEJIHKa Bich einca, 34

BIIKPUTHI MOTIEpEYHUN TIepepi3, He3aMKHe-
HUU TTOTIEpEeYHUi riepepis, 13

BiJIIIEHTPOBUI MOMEHT iHepii, 23

BiJIIEHTPOBUI MOMEHT iHepiii Z-moaioHOro
nepepizy, 78

BIJIIICHTPOBUI MOMEHT iHEpLii IPSIMOKYTHH-
Ka, 77

BIILICHTPOBUY MOMEHT 1HEPIIiT TPSIMOKYTHO-
ro TPUKyTHUKA, 77

BiCh cUMeTpii, 7

reOMETPUYHUN MOMEHT (TLIOIL1), OCbOBUI
MOMEHT iHep1ii (ruomi), 12

reOMETPUYHUI LIEHTP IUIONI, LIEHTP Baru
ILTOI, 8

reOMETPUYHUM LIEHTP IUIONII, LIEHTP Baru
IO, 8

reOMETPUYHI XapaKTEPUCTUKU ABOTaBPOBUX
nepepiziB (Jepxkcrannapt 8239-72), 74

reOMETPUYHI XapaKTEPUCTUKU ABOTaBPOBUX
nepepiziB (cTaHaapT AMEPUKAHCHKOTO
IHCTUTYTY CTaJbHUX KOHCTPYKIIii), 73

TeOMETPHYHI XapaKTEPUCTUKU JABOTaBPOBUX
ITUPOKOIIOIMYHHX TTepePi3iB (CTaHIaAPT
AMEpPHKaHCHKOTO IHCTUTYTY CTalbHHUX
KOHCTPYKIi), 75

reOMETPUYH] XapaKTEPUCTUKHU JAyTH TOHKOTO
KpYroBOIro Kulblis, 62

reOMETPUYHI XapaKTePUCTUKU eirca, 57

reOMEeTPUYHI XapaKTePUCTUKU Kpyra, 55

reOMETPUYHI XapaKTePUCTUKU Kpyra 3 OTBO-
pom, 56

IeOMETPUUHI XapaKTEPUCTUKU KPYTOBOTO
cekTopa, 56

re€OMETPHUYHI XapaKTEPUCTUKH MIBCETMEHTA
Nn-ro creneHs, 61

T€OMETPUYHI XapaKTEPUCTUKHU TTapaboTiaHO-
ro mBcerMenra, 58

reOMETPUYHI XapaKTePUCTUKU MiBKpyTa, 61

reOMETPHUYHI XapaKTEPUCTUKH MiBXBUJIIl CH-
Hycoinu, 62

reOMETPHYHI XapaKTePUCTUKH IO, 0OMe-
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